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Lecture1: Introduction Detection Theory (Ch 1,2,3)
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Learning Objectives

• LO1: Understand the definition of detection 

• LO2: Get familiar with important probability density functions (pdfs)
• Gaussian pdf
• Central Chi-squared pdf

• LO3: Get familiar with optimal binary detection:
• Neyman-Pearson Theorem
• Minimum Probability of Error
• Bayesian Risk
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Overview

• Introduction to detection theory 

• Important probability density functions (pdfs)
• Gaussian pdf
• Central Chi-squared pdf

• Basics of optimal binary detection:
• Neyman-Pearson Theorem (today)
• Minimum Probability of Error (today)
• Bayesian Risk (next time)
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Biomedical Signal Processing 
– Detection of cell activity in Atrial Fibrillation

• Atrial fibrillation (AF) is one of the most common age related cardiac
arrhythmia

• AF is characterized by rapid and irregular electrical activity of the atria.

• AF is rooted in impaired electrical conduction known as electropathology.
<latexit sha1_base64="aFIyZPKyUYIkq5o4T3j/zqhWGhM="></latexit>
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Common treatment: Ablation. Only successful in 50 % of cases. . .

Research project on atrial fibrillation:

• Measure signals directly on the heart using a high dimensional sensor (188).

• Get understanding of the real problem in Atrial fibrillation.

• Develop less invasive methods.
<latexit sha1_base64="WBUANvX9G5iATKAx3xfpxoiywAY="></latexit>

Biomedical Signal Processing 
– Detection of cell activity in Atrial Fibrillation
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An electrogram is a record of changes in the electrical potential of the (many) cells
in the neighborhood of an electrode that is positioned on the heart surface

<latexit sha1_base64="MgwPRoPrr2LxCYBl6MHwchppSP0="></latexit>

To understand which (group of)
cells are problematic, we would
like to detect when each cell
is being activated and estimate
the underlying conductivity of the cell.

<latexit sha1_base64="aGrSClYe2Sioy16vU8LIHVpF2UQ="></latexit>

Biomedical Signal Processing 
– Detection of cell activity in Atrial Fibrillation
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Example 2 – Speech Processing
Voice activity detection (VAD):

In speech processing applications a VAD is commonly used, e.g.,

• In speech enhancement: to determine whether speech is present or not. If speech is

not present, the remaining signal consists of noise only and can be used to estimate

the noise statistics.

• Speech coding: Detect whether speech is present. If speech is not present, there is

no need for the device (phone) to transmit any information.
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Example 3 – Radar

From Kay, part II.

• Detecting the presence of an aircraft using Radar.

• Transmit a known signal, analyse received waveform.
<latexit sha1_base64="JVPv2zgTsr6H+Zz629ytBAOIECs="></latexit>
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Example 4 – Radio Pulsar Navigation

Kramer (University of Manchester) 

Pulsars (pulsating star):

• Highly magnetized rotating neutron star that emits a beam of electromagnetic radia-

tion.

• Radiation can only be observed when the beam of emission is pointing toward the

earth (lighthouse model)

• wideband (100 Mhz - 85 Ghz)

• extremely accurate pulse sources.
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Example 4 – Radio Pulsar Navigation

For some millisecond pulsars, the regularity of pulsation is more precise than an atomic

clock.

• Pulsars are "ideal" for time-of-arrival

• pulsar signals are weak (SNR = -90 dB)
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Example 4 – Radio Pulsar Navigation
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What is Detection Theory? 
Abalone

Is it a male or female abalone?
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What is Detection Theory? (2)
Is it a male or female abalone?

Patterns, Predictions, And Actions, A story about machine learning, Moritz Hardt and Benjamin Recht, 2022



14

What is Detection Theory? (3)
Is it a male or female abalone?

Patterns, Predictions, And Actions, A story about machine learning, Moritz Hardt and Benjamin Recht, 2022
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What is Detection Theory? (3)

Given a set of measurements x[0], x[1], ..., x[N � 1]

• Design a testfunction T (x[0], x[1], . . . , x[N � 1])

• Make a decision based on the value of the above function.
<latexit sha1_base64="wjtwOUicxpqLBF3OdAZANSJnaL0="></latexit>

Is a mapping from the data
values into a decision.

<latexit sha1_base64="7EWTM561tNIF/qHbbH8lvfH7YbM="></latexit>

Determine the decision region.
<latexit sha1_base64="6H16T8EOZ/f/WMERtx66Zo4bUrY="></latexit>
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The Simplest Detection Problem

Binary detection: Determine whether a certain signal that is embedded in noise

is present or not.

H0 x[n] = w[n]
H1 x[n] = s[n] + w[n]

Note that if the number of hypotheses is more than two, then the problem

becomes a multiple hypothesis testing problem. One example is detection of

di↵erent digits in speech processing.
<latexit sha1_base64="Q1DOSSWklYzW3e8Ni7VE0UIA0SA="></latexit>

• x[n] is a single sample measurement

• s[n] is the signal of interest and w[n] the noise, e,g, w[n] ⇠ N(0,�2)

• H0 (signal absent) is the Null hypothesis

• H1 (signal present) is the Alternative hypothesis

• we assume distribution of p(x;H0) and p(x;H1) are known.
<latexit sha1_base64="ZFVDYcwnXJIpnCi8+Kx8jRqvXJs="></latexit>
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Example

Detection of a DC level of amplitude A = 1 embedded in white Gaussian noise
w[n] with variance �2 with only one sample.

H0 : x[0] = w[0]

H1 : x[0] = 1 + w[0]

Imagine that x[0] is the outcome of a test, e.g., for Covid-19. How to decide
whether someone has COVID-19 (H1) or not (H0)?

<latexit sha1_base64="BLYFrrk5JLsIFaovsN8AZqz4+wk="></latexit>
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Example
Binary detection, A=1 and 2=0.5
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Binary detection, A=1 and 2=0.05
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• What determines who well we can
distinguish H0 and H1?

• What would be a good threshold?

• What would happen if we increase
or decrease this threshold?

• What is the implication of a
wrong decision?

– What is the cost of a miss?

– A false alarm?
<latexit sha1_base64="moFxy7AJiUp+iQegGL06CxmEmnI="></latexit>
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Example

• What determines who well we can
distinguish H0 and H1?

• What would be a good threshold?

• What would happen if we increase
or decrease this threshold?

• What is the implication of a
wrong decision?

– What is the cost of a miss?

– A false alarm?
<latexit sha1_base64="moFxy7AJiUp+iQegGL06CxmEmnI="></latexit>

Binary detection, A=1 and 2=0.5
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Binary detection, A=2.5 and 2=0.5
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Example

Detection of a DC level of amplitude A = 1 embedded in white Gaussian noise

w[n] with variance �2
with N samples:

H0 : x[n] = w[n] n = 0, 1, . . . , N � 1

H1 : x[n] = 1 + w[n] n = 0, 1, . . . , N � 1

How should we form T (x[n])?
<latexit sha1_base64="7BGPWkJzB9c412FDy1uVNtffi54="></latexit>

A possible detector for choosing H1 is

T (x[n]) =
1

N

N�1X

n=0

x[n] � �.
<latexit sha1_base64="gSVnJ2wYocGVFh5JH/WeFLdpaeA="></latexit>

• Distribution of T (x[n])?

• e↵ect of # of samples?
<latexit sha1_base64="Eta2K4+6s/PqWCxiQ0sZOWd6oxE="></latexit>
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Example

• Distribution of T (x[n])?

• e↵ect of # of samples?
<latexit sha1_base64="Eta2K4+6s/PqWCxiQ0sZOWd6oxE="></latexit>

T (x[n]) =
1

N

N�1X

n=0

x[n] � �.
<latexit sha1_base64="GMklE3l3sVScU+L9iWUMa+RbcB8="></latexit>

Binary detection, A=1 and 2=0.5, N=1
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Q2: The increase of which parameters lead to better detection? 
(Multiple choice) 

0/0 Question slide

Join at: vevox.app ID: 135-988-786
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Q2: The increase of which parameters lead to better detection? 
(Multiple choice) 

0/0 Preparing Results

Join at: vevox.app ID: 135-988-786
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Detection Performance
• Can we expect to always make a correct decision? Depending on the noise

variance �2
, it will be more or less likely to make a decision error.

• How to make an optimal decision?

• The detection performance improves with ”distance” between the pdfs

under H0 and H1:

– Increasing the SNR:
A2

�2 .

– Increasing N .

• Performance measure (for uncorrelated Gaussian data): deflection coe�-

cient

d2 =
(E(T ;H1)� E(T ;H0))

2

var(T ;H0)
=

NA2

�2
<latexit sha1_base64="fZyG65Q3+WNBjqSY8JwTnzLgdjE="></latexit>
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Overview

• Introduction to detection theory 

• Important probability density functions (pdfs)
• Gaussian pdf
• Central Chi-squared pdf

• Basics of optimal binary detection:
• Neyman-Pearson Theorem (today)
• Minimum Probability of Error (next time)
• Bayesian Risk (next time)



26

Important pdfs – Gaussian pdf

p(x) =
1p
2⇡�2

exp
⇣
� 1

2�2
(x�µ)2

⌘
�1< x <+1

where µ is the mean and �2 is the variance of x.

Standard normal pdf: µ= 0 and �2 = 1

The cumulative distribution function (cdf) of a standard normal pdf:

�(x) =

Z x

�1

1p
2⇡

exp
⇣
� 1

2
t2
⌘
dt

A more convenient description is the right-tail probability which is defined as Q(x) = 1�

�(x). This function which is called Q-function is used frequently in different detection prob-

lems where the signal and noise are normally distributed.
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Important pdfs – Gaussian pdf
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Using the Q-function for the Gaussian pdf

• For T (x[n]) = 1
N

PN�1
n=0 x[n], evaluate P (T (x[n]) � �) when x ⇠ N (µ,�2).

• P (T (x[n]) � �) = P ( 1
N

PN�1
n=0 x[n] � �) = Q

✓
��µp
�2/N

◆
, where

Q(x) =

Z 1

x

1p
2⇡

exp

✓
�1

2
t2
◆
dt

is the right-tail probability of the Gaussian PDF.
<latexit sha1_base64="4BkoG8DGyGEMg1WgyPIE0EKbQ44="></latexit>
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Important pdfs – central Chi-squared
A chi-squared pdf arises as the pdf of x, where x =

vP
i=1

x2
i , if xi is a standard normally

distributed random variable. The chi-squared pdf with v degrees of freedom is defined as

p(x) =

8
><

>:

1

2
v
2 �( v

2 )
x

v
2�1 exp

�
� 1

2x
�
, x > 0

0, x < 0

and is denoted by �2
v. v is assumed to be integer and v � 1. The function �(u) is the

Gamma function and is defined as

�(u) =

Z 1

0
tu�1 exp(�t)dt
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8=2 (Exponential pdf)

8=20 (approaching Gaussian)

The right-tail probability for a �2
⌫ random variable is defined as

Q�2
⌫
(x) =

Z 1

x
p(t)dt.

<latexit sha1_base64="mbyz2pKkjbdEoc4/SuBnywlVpZw=">AAACwHicZVFLT9tAEF6bPmgKbWiPvawaKoUD8YM+uFRCpYceQRBAioO1Xq/jVfbh7o6B1MoP7aH/pRtjiTbMZT99M7PfzDdZJbiFMPzt+RtPnj57vvmi93Jr+9Xr/s6bC6trQ9mYaqHNVUYsE1yxMXAQ7KoyjMhMsMtsfrzKX94wY7lW57Co2FSSmeIFpwQclfZvz0uGDZ+VsA+EC1wZnZGMCw4LXGiDCd5NaMmv4zRR9S42RO Va4htiOHESmFucs8Jp55hYnExO0+ahfDm82/uacAXp3bV7CvdlNYS9HEbJNO0PwlHYBn4Mog4MUBcn6Y4XJbmmtWQKqCDWTqKwgmlDDHAq2LKX1JZVhM7JjE0cVEQyO21ah5b4g2PydqFCK8At+29HQ6S1C5m5SkmgtOu5FfmQ46qqoQnG1hkbGFoylRs+t8H3bj4b3GozD6g7kmU2jcPo037A4OPB4efgrL0c1TkLzgTPmQ2OtZRaBZJQo+3aHlAcTptWjil6v0ZRCwwar46Jc24YBbFwwHVz5wSmJTGEgpus13MmR+uWPgYX8Sg6GMWn8eAo7uzeRO/QezREEfqCjtAPdILGiKI/3oa35W373/zS1/7P+1Lf63reov/C//UX9k7Xtg==</latexit>
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Overview

• Introduction to detection theory 

• Important probability density functions (pdfs)
• Gaussian pdf
• Central Chi-squared pdf

• Basics of optimal binary detection:
• Neyman-Pearson Theorem (today)
• Minimum Probability of Error (today)
• Bayesian Risk (next time)
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Making Optimal Decisions

Remember the example:

H0 : x[0]< �

H1 : x[0]> �

Using detection theory, rules can be derived on how to chose �.

• Neyman-Pearson Theorem: Maximize detection probability for a given false alarm

probability.

• Minimum probability of error

• Bayesian detector

Binary detection, A=1 and 2=0.5
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Neyman-Pearson Theorem - Introduction 

S. Kay – detection theory Figs. 3.2 and 3.3.

• Simple binary detection: A = 1 and �2 = 1, N = 1.

• Under H0, x[0] ⇠ N (0, 1) and under H1 x[0] ⇠ N (1, 1).

• Top example: � = 0.5, bottom example: � = 1.5

• Binary hypothesis:

H0 : µ = 0

H1 : µ = 1

Detection rule:

H0 : x[0] < �

H1 : x[0] > �

• Notice two type of errors: Type 1 P (H1;H0) (false alarm) and Type 2
P (H0;H1) (miss).

<latexit sha1_base64="3CekacjA0aBU18Wv5HHg1fDWaNg=">AAAEn3icfVPfb9MwEM5KgVF+bfDIi2Fl6tBoko7BVBgabBJ7qoq2sqGlVI5zba3GcbAdthKVv4x/hFde4Y/ATrKxtghLVS/33ee7+87nxyGVynF+LJSulK9eu754o3Lz1u07d5eW732QPBEEOoSHXBz7WEJII+goqkI4jgVg5odw5I92DX70BYSkPDpU4xi6DA8i2qcEK+3qLZc6ng8DGqVUAaNfYVLxjIUOKItDQD6NsBijAB </latexit>
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Neyman-Pearson Theorem – Detection Performance

S. Kay – detection theory Figs. 3.2 and 3.3.

Detection performance of a system is measured mainly by two factors:

1. Probability of false alarm: PFA = P (H1;H0) = P (x[0] � �;H0) =
R1
�

1p
2⇡

exp
⇣
�

t2

2

⌘
dt = Q(�)

2. Probability of detection: PD = P (H1;H1) = 1� PM = 1� P (H0;H1)

3. PD = P (H1;H1) =
R1
�

1p
2⇡

exp
⇣
�

(t�1)2

2

⌘
dt = Q(� � 1)

<latexit sha1_base64="7J/7iQi0urShZUe+AcwQSg5vGXg=">AAAEOHicnVNLb9NAEHYTHiW8WjhyWdEiJYfUj/KoWlUqaoV6QUpV0laqg7Vej5NV9uHubmgtyzf4U/wTbtwQFw78AtaJgZKqF0ayPZ5vZ/abV5wxqo3nfVloNG/cvHV78U7r7r37Dx4uLT860nKiCPSJZFKdxFgDowL6hhoGJ5kCzGMGx/F4t8KPP4DSVIp3Js9gwPFQ0JQSbKwpWl74sQcGSPWDMlCpVBwLAkimCCOdawMcUY </latexit>
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Q3: Where are the false alarm area and detection area?
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Q3: Where are the false alarm area and detection area?
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Neyman-Pearson Theorem – Detection Performance

S. Kay – detection theory Figs. 3.2 and 3.3.

• These two errors can be traded off against each other.

• It is not possible to reduce both error probabilities.

• False alarm probability PFA = P (H1;H0)

• Detection probability PD = P (H1;H1)

• To design the optimal detector, the Neyman-Pearson approach is

to maximise PD while keeping PFA fixed (small).
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Neyman-Pearson Theorem

• Given data set data set x = [x[0], x[1], ..., x[N � 1]]T

• Detection problem

H0 : T (x) < �

H1 : T (x) > �

1. Design a decision function T (x) to maximize PD subject to PFA < ↵.

2. Determine threshold �.
<latexit sha1_base64="aoS7DB0f+KfFK+Wga7NDdoWOvrQ="></latexit>



38

Neyman-Pearson Theorem

To maximize PD for a given PFA = ↵ decide H1 if

L(x) =
p(x;H1)

p(x;H0)
> �

where the threshold � is found from

PFA =

Z

{x:L(x)>�}
p(x;H0)dx = ↵

The function L(x) is called the likelihood ratio and the entire test is called the
likelihood ratio test (LRT).

Full derivation in Appendix 3A.
<latexit sha1_base64="h/jYYIM94775oFY6TY1Z0XD829Q="></latexit>
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Neyman-Pearson Theorem - Derivation
maxPD subject to PFA = ↵

Constraint optimization, use Lagrangian:

F = PD+�(PFA�↵)

=

Z

R1

p(x;H1)dx+�

✓Z

R1

p(x;H0)dx�↵

◆

=

Z

R1

(p(x;H1)+�p(x;H0))dx��↵

The problem now is (see Figures) to select to right range R1 and R0. As we want to

maximise F , a value x should only be included in R1 if it increases the integrand. So, x

should only be included in R1 if

p(x;H1)+�p(x;H0)> 0
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Neyman-Pearson Theorem - Derivation

p(x;H1)+�p(x;H0)> 0

) p(x;H1)

p(x;H0)
>��

A likelihood ratio is always positive, so ��= � > 0 (if �> 0 we would have PFA = 1)

p(x;H1)

p(x;H0)
> �,

where � is found from PFA = ↵.
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Neyman-Pearson Theorem Important! We thus assume that
p(x;H1) and p(x;H0) are known!

• When the shape of p(x;H1) and p(x;H0) is
known, but their distributional parameters
are unknown: Generalized likelihood ratio
test, lec. 13.

• If the p(x;H1) and p(x;H0) are unknown !

(Machine) Learning from data.
<latexit sha1_base64="lQ/9EQWMb3IzjgQktp9Y/2gefwg="></latexit>

To maximize PD for a given PFA = ↵ decide H1 if

L(x) =
p(x;H1)

p(x;H0)
> �

where the threshold � is found from

PFA =

Z

{x:L(x)>�}
p(x;H0)dx = ↵

The function L(x) is called the likelihood ratio and the entire test is called the
likelihood ratio test (LRT).

Full derivation in Appendix 3A.
<latexit sha1_base64="h/jYYIM94775oFY6TY1Z0XD829Q=">AAAEK3ichZNLb9NAEMfdhEcxrxaOXFY0SC0ScZzyqEBFrVpVPfRQaNJWwlG0WY/jVda7Znfdplj+SHwaTiAuHPgeTBxXLQkSq0Qa/2dm9zezs4NUcGNbre8LtfqNm7duL95x7967/+Dh0vKjY6MyzaDLlFD6dEANCC6ha7kVcJpqoMlAwMlgtDPxn5yBNlzJjr1IoZfQoeQRZ9Si1F9e+OV2FEnomCf8C5DGYT/fLRokUppQMu </latexit>
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Q4: What is the role of the likelihood ratio in Neyman-Pearson 
hypothesis testing?

0/0 Question slide
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Q4: What is the role of the likelihood ratio in Neyman-Pearson 
hypothesis testing?
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Neyman-Pearson Theorem – Example DC in WGN

What is

• The distribution of T (x) under both H0 and H1?

• The optimal threshold �0?

• PD?
<latexit sha1_base64="3eo6D3HANJRqw54RkwriIqjRBfU="></latexit>

Consider the following signal detection problem

H0 : x[n] = w[n] n = 0, 1, . . . , N � 1

H1 : x[n] = s[n] + w[n] n = 0, 1, . . . , N � 1

where the signal is s[n] = A for A > 0 and w[n] is WGN with variance �2. Now
the NP detector decides H1 if

L(x) =

1

(2⇡�2)
N
2
exp

h
�

1
2�2

PN�1
n=0 (x[n]�A)2

i

1

(2⇡�2)
N
2
exp

h
�

1
2�2

PN�1
n=0 x2[n]

i > �

Taking the logarithm of both sides and simplification results in

T (x) =
1

N

N�1X

n=0

x[n] >
�2

NA
ln�+

A

2
= �

0

<latexit sha1_base64="wOlfR4t1t1QTP32LRSQuUzWT8NY="></latexit>



45

Neyman-Pearson Theorem – Example DC in WGN

A

T (x) ⇠

⇢
N (0,�2) under H0

N (A,�2) under H1

B

T (x) ⇠

(
N (0, �2

N ) under H0

N (A, �2

N ) under H1

C

T (x) ⇠

(
N (A, �2

N ) under H0

N (0, �2

N ) under H1
<latexit sha1_base64="Egbk4ZOf2PxpE4A2dnj1H14G3LE="></latexit>

Consider the following signal detection problem

H0 : x[n] = w[n] n = 0, 1, . . . , N � 1

H1 : x[n] = s[n] + w[n] n = 0, 1, . . . , N � 1

where the signal is s[n] = A for A > 0 and w[n] is WGN with variance �2. Now
the NP detector decides H1 if

L(x) =

1

(2⇡�2)
N
2
exp

h
�

1
2�2

PN�1
n=0 (x[n]�A)2

i

1

(2⇡�2)
N
2
exp

h
�

1
2�2

PN�1
n=0 x2[n]

i > �

Taking the logarithm of both sides and simplification results in

T (x) =
1

N

N�1X

n=0

x[n] >
�2

NA
ln�+

A

2
= �

0

<latexit sha1_base64="wOlfR4t1t1QTP32LRSQuUzWT8NY="></latexit>
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Neyman-Pearson Theorem – Example DC in WGN

Signal energy-to-noise ratio

The NP detector compares the sample mean x̄= 1
N

PN�1
n=0 x[n] to a threshold �

0
. To deter-

mine the detection performance, we first note that the test statistic T (x) = x̄ is Gaussian

under each hypothesis and its distribution is as follows

T (x)⇠

8
<

:
N (0, �

2

N ) under H0

N (A, �
2

N ) under H1

We have then PFA = Pr(T (x)> �
0
;H0) =Q

✓
�
0

p
�2/N

◆
) �

0
=
q

�2

N Q�1(PFA) and

PD = Pr(T (x)> �
0
;H1) =Q

 
�
0
�Ap
�2/N

!

PD and PFA are related to each other according to the following equation

PD =Q

 
Q�1(PFA)�

r
NA2

�2

!
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Neyman-Pearson Theorem – Example DC in WGN

PD =Q

 
Q�1(PFA)�

r
NA2

�2

!

Remember the deflection coefficient

d2 =
(E(T ;H1)�E(T ;H0))2

var(T ;H0)

In this case d2 = NA2

�2 .

Further notice that the detection performance (PD) increases monotonic with the deflection

coefficient.
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Neyman-Pearson Theorem – Example DC in WGN

S. Kay – detection theory.
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Q6: Where is the False Alarm area?

0/0 Question slide
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Q6: Where is the False Alarm area?

0/0 Preparing Results

Join at: vevox.app ID: 135-988-786

A. I
0%

B. II
0%

C. III
0%

D. IV
0%

RESULTS SLIDE
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NP Theorem – Example Change Var
Consider an IID process x[n].

H0 : x[n]⇠N (0,�2
0)

H1 : x[n]⇠N (0,�2
1),

with �2
1 > �2

0 .

Neyman-Pearson test:

1

(2⇡�2
1)

N
2
exp

h
�

1
2�2

1

PN�1
n=0 x[n]2

i

1

(2⇡�2
0)

N
2
exp

h
�

1
2�2

0

PN�1
n=0 x2[n]

i > �

What is

• What is T (x)?

• The distribution of T (x) under both H0 and H1?

• The optimal threshold �0?

• PD?
<latexit sha1_base64="ac2pj5mr7g4tI3K/050G1HxKlVY="></latexit>

A

T (x) =
1

N

N�1X

n=0

|x[n]|

B

T (x) =
1

N

N�1X

n=0

x[n]

C

T (x) =
1

N

N�1X

n=0

x2[n]
<latexit sha1_base64="5vaWteHCG/ZWLB6d6rEC3A2Vbpg="></latexit>
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NP Theorem – Example Change Var

A

T (x) =
1

N

N�1X

n=0

|x[n]|

B

T (x) =
1

N

N�1X

n=0

x[n]

C

T (x) =
1

N

N�1X

n=0

x2[n]
<latexit sha1_base64="5vaWteHCG/ZWLB6d6rEC3A2Vbpg="></latexit>
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NP Theorem – Example Change Var
Taking the logarithm of both sides and simplification results in

�1

2

✓
1

�2
1

� 1

�2
0

◆N�1X

n=0

x2[n] > ln � +
N

2
ln

�2
1

�2
0

we then have

T (x) =
1

N

N�1X

n=0

x2[n] > �
0

with �
0
=

2
N ln �+ln

�2
1

�2
0

1
�2
0
� 1

�2
1

<latexit sha1_base64="NRUSKQpZPt7AQX9SbmkQeyxbujE="></latexit>

What is

• What is T (x)?

• The distribution of T (x) under both H0 and H1?

• The optimal threshold �0?

• PD?
<latexit sha1_base64="ac2pj5mr7g4tI3K/050G1HxKlVY="></latexit>
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NP Theorem – Example Change Var

For N = 1 we decide for H1 if:

|x[0]|>
q
�0 .

PFA = Pr

⇢
|x[0]|>

q
�0 ;H0

�
= 2Pr

⇢
x[0]>

q
�0 ;H0

�
.

PFA = 2Q

 p
�0

p
�2
0

!
.

)

q
�0 =Q�1

✓
1

2
PFA

◆q
�2
0

PD = 2Q

 
Q�1

�
1
2PFA

�p
�2
0p

�2
1

!
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NP Theorem – Example Change Var

A

T (x) =

8
<

:

PN�1
n=0 x2[n]

�2
0

⇠ �2
N under H0

PN�1
n=0 x2[n]

�2
1

⇠ �2
N under H1

B

T (x) =

8
<

:

PN�1
n=0 x2[n]

�2
1

⇠ �2
N under H0

PN�1
n=0 x2[n]

�2
0

⇠ �2
N under H1

C

T (x) ⇠

⇢
N (0,�2

0) under H0

N (0,�2
1) under H1

<latexit sha1_base64="8/xF0L3JtY6obPijCICZvDwn7mo="></latexit>
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NP Theorem – Example Change Var

For general N we decide for H1 if:

N�1X

n=0

x2[n] > �
0
.

PFA = Pr

(
N�1X

n=0

x2[n] > �
0
;H0

)
= Pr

(PN�1
n=0 x[n]2

�2
0

>
�

0

�2
0

;H0

)
.

PFA = Q�2
N

 
�

0

�2
0

!
.

) �
0
= Q�1

�2
N
(PFA)�

2
0

PD = Q�2
N

 
Q�1

�2
N
(PFA)�2

0

�2
1

!

<latexit sha1_base64="Fs3g3/X7dlHf9mJVR0JBIYux2cY="></latexit>

T (x) =

8
<

:

PN�1
n=0 x2[n]

�2
0

⇠ �2
N under H0

PN�1
n=0 x2[n]

�2
1

⇠ �2
N under H1

<latexit sha1_base64="NGwssLaSt8V/Lwch9VnVJvlpSBM="></latexit>
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Minimum Probability of Error

Assume the prior probabilities of H0 and H1 are known and represented by

P (H0) and P (H1), respectively. The probability of error, Pe, is then defined as

Pe = P (H1)P (H0|H1) + P (H0)P (H1|H0) = P (H1)PM + P (H0)PFA

Our goal is to design a detector that minimizes Pe. It is shown that the following

detector is optimal in this case

p(x|H1)

p(x|H0)
>

P (H0)

P (H1)
= �

Derivation in Appendix 3B.
<latexit sha1_base64="dD591NB/dIVe2jmjokgj4oL5yjw="></latexit>
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Minimum Probability of Error - Derivation

Pe = P (H1)P (H0|H1)+P (H0)P (H1|H0)

= P (H1)

Z

R0

p(x|H1)dx+P (H0)

Z

R1

p(x|H0)dx

We know that Z

R0

p(x|H1)dx= 1�

Z

R1

p(x|H1)dx,

such that

Pe = P (H1)

✓
1�

Z

R1

p(x|H1)dx

◆
+P (H0)

Z

R1

p(x|H0)dx

= P (H1)+

Z

R1

[P (H0)p(x|H0)�P (H1)p(x|H1)]dx
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Minimum Probability of Error - Derivation

Pe = P (H1)+

Z

R1

[P (H0)p(x|H0)�P (H1)p(x|H1)]dx

We want to minimize Pe, so an x should only be included in the region R if the integrand

[P (H0)P (x|H0)�P (H1)P (x|H1)]

is negative for that x.

P (H0)p(x|H0) < P (H1)p(x|H1)

p(x|H1)

p(x|H0)
>

P (H0)

P (H1)
= �
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Consider the following signal detection problem

H0 : x[n] = w[n] n= 0,1, . . . ,N �1

H1 : x[n] = s[n]+w[n] n= 0,1, . . . ,N �1

where the signal is s[n] = A for A > 0 and w[n] is WGN with variance �2. Now the min.

probability of error detector decides H1 if p(x|H1)
p(x|H0)

> P (H0)
P (H1)

= 1 (assuming P (H0) = P (H1) =

0.5), leading to
1

(2⇡�2)
N
2
exp

h
�

1
2�2

PN�1
n=0 (x[n]�A)2

i

1

(2⇡�2)
N
2
exp

h
�

1
2�2

PN�1
n=0 x2[n]

i > 1

Taking the logarithm of both sides and simplification results in

1

N

N�1X

n=0

x[n]>
A

2

Minimum Probability of Error– Example DC in WGN
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Minimum Probability of Error– Example DC in WGN

Pe is then given by

Pe =
1

2
[P (H0|H1)+P (H1|H0)]

=
1

2

"
Pr(

1

N

N�1X

n=0

x[n]<A/2|H1)+Pr(
1

N

N�1X

n=0

x[n]>A/2|H0)

#

=
1

2

" 
1�Q

 
A/2�Ap

�2/N

!!
+Q

 
A/2p
�2/N

!#

= Q

 r
NA2

4�2

!
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Reading Tasks

• Chapter 2: PDFs: 
• Gaussian,Chi-squared，F, Rayleigh

• Study Chapter 3-3.4,3.6-3.8
• Appendix 3A: Follow derivation of the Neyman-Pearson lemma
• Appendix 3B: follow derivation of the Minimum Probability of Error (Pe)

• Try solving problem 1 (see slides at the end)
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Next Lecture

Lecture 2: Deterministic Signals (Ch. 4)

• Detection of deterministic signals: 
• Detecting a known signal in noise using the NP criterion.

• Detection of realisations of random processes : 
• Detecting the realisation of randomprocess with known covariance 

structure.


