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Parameter estimation

A quantity 0 needs to be estimated

Given a (random) model, what is best achievable
accuracy on estimating unknown quantity?
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Parameter estimation

Sampling Distributions of Estimated Parameters

A quantity 0 needs to be estimated

— Unbiased, high Variance
— Biased, low Variance

Given a (random) model, what is best achievable
accuracy on estimating unknown quantity?

Best accuracy = minimum MSE = minimum
variance (unbiased estimator)

MSE(8, ) = var(0) + bias*(0, 6).

Pic: quora.com 12



Cramer-Rao bound

Under regularity assumptions on probability
distribution p(x; 9),

. 1
0) > 110) = :
var(9) () B 02 Inp(x; 0)
002
Pic: gaussianwaves.com 13



Cramer-Rao bound

Under regularity assumptions on probability Curvature = - >[I L(9) ]

862
distribution p(x; ), nL(®) 9
1nL()

o 1
var(6) = I7(9) = _E[(?Z lnp(x;G)] ' /\ P

962 More Sharpness Less Sharpness
Less Varance More Vanance

High Fisher Information Low Fisher Information

If PDF p(x; @) is influenced by parameter
more, estimation will be more accurate

Pic: gaussianwaves.com 14
D 00 e



Deterministic function of parameter

Suppose we want to estimate a function g(0)of the parameter

Example measure parameter in noise, but instantaneous power desired:

9(0) = 0°

In this case,

15



Cramer-Rao bound - multiple parameters

16



B P np(x;0)]°
-2

Cramer-Rao bound - multiple parameters

The Fisher information matrix (FIM) is the negative expected Hessian of the log-
likelihood function:

Iy = —E[Vy V' Inp(x)] = — E[Vjnp(x)], (1)
where the expectation is taken with respect to p(x) and

[Vofli = 0f /00, (Vi fliz = 0.f/00;007.
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B P np(x;0)]°
-2

Cramer-Rao bound - multiple parameters

The covariance matrix R of any unbiased estimator 0 of 0 satisfies R, = I(,_l.

A > B means A — B is positive semidefinite with A and B Hermitian: A = A7,
B = B,

18



CRB - complex parameters

CRB described until now holds for real parameters.
How to extend to complex parameters z?

Two equivalent approaches:
> Consider real Re(z) and imaginary part Im(z) separately (cumbersome)

> Consider complex number z and its conjugate z* (also cumbersome © but
generally easier)

Bos, A. van den. “A Cramer-Rao Lower Bound for Complex Parameters.”, 1994
Brandwood, D. H. “A Complex Gradient Operator and Its Application in Adaptive Array Theory.”, 1983
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Case study - channel estimation
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Sighal model - frequency domain

Let a point source emit sound. The sound is measured by an array of M sensors.
The received signal in the short-time Fourier transform (STFT) domain is

xk(l):sk(l)ak—l—vk(l)E(CM, l=1,....L, k=1,... K

Our goal: recover transfer function a; from noisy recording xy,

\J
> 22




Deriving CRB for channel estimation

1

0?Ilnp(z;0)]
B

var(f) > I71(9) =

R, = I,' = (-E[V}np(x)])~".

23



Likelihood function

Collect 11D measurements in data matrix X

Assume noise v is complex circular Gaussian process

Unknown parameters 6 = [a’a”]T € C*M

Conditional likelihood is
L

p(X: 6, 5(1)) = ﬁp ( (x(1) — s(1)a) "R (x(1) - s<Z>a>> ,

=1

Stoica, P., and A. Nehorai. “Performance Study of Conditional and Unconditional Direction-of-Arrival Estimation.” 1990
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Log-likelihood and its derivatives

Define log-likelihood

L(#) =Inp(X;0) = —LIn|rR| — Z(X(l) —s(Da) R (x(1) — s(])a)
=1
We then have




The Fisher information matrix (FIM) is the negative expected Hessian of the log-
likelihood function:

Is = —E[V, Vi Inp(x)] = - E[VjInp(x)], (1)

where the expectation is taken with respect to p(x) and

Fisher information matrix

(5% ks = 05196:363

With this, the Fisher information matrix is

[ESLR‘* 0 ]
I, = .

0 E,LR™! (1)

The block-diagonal matrix can be easily be inverted, leading to

1
R* 0
I = Esf) L (2)
EL
Variance is finally bounded as:
var(a;) > [éz]z, i=1,..., M. (3)

26



Deterministic function of parameter

ATFs are often estimated in relation to a reference microphone r, as in g(f) =
g(a,a*) = a/a,. In this case,

Ry0) — (Vog)I; ' (Vi'g) > 0, (1)

where R (g) is the covariance matrix of g(0).

27



Deterministic function of parameter

ATFs are often estimated in relation to a reference microphone r, as in g(f) =
g(a,a*) = a/a,. In this case,

Ry0) — (Vog)I; ' (Vi'g) > 0, (1)

where R gy is the covariance matrix of g(¢). Choosing r = 1, Jacobian is

Vog = [vag Va*g} (2)
[0 0 0 0 |
—0y/1002 1/, O ... 0
— —93/'91|2 0 1/01 0 Onrx s 7 (3)
—on/12 0 ... 0 1/6 |
where [ng]w = 8/’2/39; 28



Experiments

Settings

> 3 microphones,
random ATF,

covariance matrices estimated from N snapshots,
results averaged over 1000 experiments

Performance metric

> Mean-squared error (in dB) between actual and estimated RTFs

29



Experiments

MSE [dB]

RTF est. error vs # frames (10dB SNR)
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MSE [dB]

Experiments

RTF est. error vs # frames (10dB SNR)
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