EE 4715 Array Processing
8. Direction Estimation using the ESPRIT Algorithm
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Problem

From the samples at the output of a uniform linear antenna array,
estimate the angles of arrival of the impinging signals.
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zl(t)AZQ(t) 2 (t)

Z = ABS = a(Gl)Blsl + 3(92)5252 + .-

A general procedure for DOA estimation is parametric fitting, e.g.

argmin ||Z — A(8)BS||%, where A(0) =[a(h1) a(fa)---]
{6;},B.S

We have to know the array manifold a(0).
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The ESPRIT algorithm

For a uniform linear array with element spacing A wavelengths
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We will exploit the shift-invariance property:
1 ¢
) ¢?
ay = . , ay = . , sothat a, = a.¢
¢I\/.172 (bM'fl
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The ESPRIT algorithm

Let us group the first and last M — 1 antennas:

Zl(t) Zz(t)
x(t){ 5 ] y(t)[ | ] “
zpm—1(t) zm(t)

Due to shift-invariance, we have the models

d

x(t) = D ad0)Busi(t) = X =AS
k;l J

y(t) = a, (k) Bresk(t Z a,(0k)dkPrsk(t) = Y = ABS
k=1 k=1

where

1
A=la(01) --- ax(04)], O = { ] gy = el2mBsin(0)
Gd
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The ESPRIT algorithm

This model also holds for the more general “doublet” antenna structure

s(t)

—
X3 A y3
- \2\
]
X1 a B%1 g
X2 A 2

xi(t) = akBis(t),  yx = axe/? 20K B, 5(t)

o-[33) - =[3)-[ 4]

+‘U Delft 8. the esprit algorithm



The ESPRIT algorithm

Given the data matrix Z from all antennas

X A
2 [ %] ass. 4] A

m Note that Z has rank d. Compute an SVD of Z:
Z- 0,5,V
U, : 2M x d has d columns that span the column space of Z.

s U, spans the same space as A, hence there exists a d x d matrix T:

UZ:AZT:[AT]

= Split Z into X and Y, and U, accordingly into U, and Uy, then

= AT
= AOT

S >><Q)
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The ESPRIT algorithm
= Note that U = (THA"AT) 1 T"A" = T-1AT so that
Ujo,=T1'eT.

~

Thus, T~! and O are given by the eigendecomposition of lUy.
From © we find {¢x} and hence {0}.

m From T we can compute a zero-forcing beamformer on Z (such that

W"Z = BS) as
w = 0,T"
Proof:
zZ = U,-3,V', Z=ABS=AT T'BS
= TBS = 3,V = 0"z
= BS = TU0'Z
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The ESPRIT algorithm

Performance (varying SNR)
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d = 2 sources, M = 6 antennas, N = 40 samples, 20° separation.

Mean and standard deviations of ESPRIT and MUSIC estimates as
function of SNR. ESPRIT is slightly worse but much easier to compute
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The ESPRIT algorithm

Performance (varying separation)

Mean value of estimated directions Standard deviation of direction estimates
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Mean and standard deviations of ESPRIT and MUSIC estimates as
function of DOA separation.
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Delay estimation using ESPRIT

Principle

Assume a vector gy corresponding to an FIR pulse shape function g(t),
nonzero on interval [0, L,). Sample at rate P times the symbol rate:

0y
—~
~
|
o=
N

Let g, denote the sample vector from a delayed version of g(t):

g(flJ—T)
glt—1) < g = g(P:_T)
gl —%—7)

Given g, and knowing gp, how do we estimate 77
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Delay estimation using ESPRIT

Use fact that a Fourier transform maps a delay to a phase shift

Apply the DFT to gp and to g- (LP samples):

: k 27
~ L —jwik L
Bo(wi) -—Zk:e / g(ﬁ), w,—lﬁ
1 1 1
1 d) . ¢LP—1 )
Bo:=Fg, F:=|. . : , p=elTr.
i (Z)L/.Ll . ¢(LP.71)2
Property (© represents entrywise multiplication):
~ 1 - ~ . -
¢TP ¢TP
g =Fg = g0 | OV | = diag(go)-| (¢
(d)TPjLPfl ((ﬁTPjLPfl
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Delay estimation using ESPRIT

m Invert the pulse (deconvolution)

z := {diag(&)} ‘&

m The vector z has model

z=F(¢), F(¢)=| . ¢= et

;bLPfl

Now apply ESPRIT to compute ¢ and then 7.
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Delay estimation using ESPRIT

Multiple paths
(9,'7 Ti, ﬁi)

/ ﬁ
space N
Y time [ Sk
g(t equalizer

Consider a multipath channel which consists of r delayed copies of g(t)

: r P
:Zﬂig(t—ﬂ') = h:ZgTiﬂ":[gﬁ?"'agﬁ] D = G.3
i=1 i=1 5[,

Assume that the pulse shape g(t) is known and that h has been
estimated
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Delay estimation using ESPRIT

As before:
z = {diag(&)} *Fh, (LPx1)

m The vector z has model

1
¢2
z=FB, F=[f(¢1),--,f(¢,)], F():= |?
g[)-LP—I
m Construct a matrix Z = [z(9) ... z(m=1)] out of shifts of z:
Ziy1 ¢’ ) 1
- Zjy2 - 't o | . .
2= | (@)D = | gir2| = | g2| ¢ = F(9)¢
ZLP—m+i : :
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Delay estimation using ESPRIT
Thus, Z has the model

Z=F'B, F =[f(¢1), ,F ()

P1
B=[3 ®3 8 - @"'g], &=
Or
Model: X = F'B, Y = F'®B.
Now we can apply ESPRIT to estimate ® and hence all {7;}.
® Compute the SVD: Z = (3, V"
® Split U, into U, and Uy (shift over 1 row):
o T
* % ok u,
Model: U, = F'T, U, = F'®T for some r x r matrix T.
® Compute the eigenvalue decomposition: U;{ Uy =T 18T.
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Frequency estimation using ESPRIT

Given that signal x(t) is the sum of d harmonic components,

d
X(t) = Zﬁiejwit ,
i=1

estimate w; and f3;.
Collect N samples in a data matrix Z with m rows,

X1 X2 X3

z=| " . xx = x(kT)
Xm  Xmil o XN
Z has model
g;l (bld Brg1 B3 _
Z=AWw)S:=| g2 ... 2 : : , ¢i =T
: : Bada Bady
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Summary

The ESPRIT algorithm is a computationally efficient way to exploit shift
invariance in a model

It is often not optimal, but still offers quite good performance

It has two steps: subspace estimation and an eigenvalue problem. Many
source separation algorithms consist of such steps

The algorithm can be extended to jointly estimate two angles,
angle-frequency, angle-delay etc.
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