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Factor Analysis From Quadratic Sampling
Sundeep Prabhakar Chepuri

Abstract—Factor analysis decomposition, i.e., decomposition of
a covariance matrix as a sum of a low-rank positive semidefinite
matrix and a diagonal matrix is an important problem in a variety of areas, such as signal processing, machine learning, system identification, and statistical inference. In this letter, the focus
is on computing the factor analysis decomposition from a set of
quadratic (or symmetric rank-one) measurements of a covariance
matrix. Commonly used minimum trace factor analysis heuristic
can be adapted to solve this problem when all the measurements
are available. However, the resulting convex program is not suitable
for processing large-scale or streaming data. Therefore, this letter
presents a low-complexity iterative algorithm, which recovers the
unknowns through a series of rank-one updates. The iterative algorithm performs better than the convex program when only a finite
number of data snapshots are available.
Index Terms—Covariance sketching, factor analysis, Kaczmarz
method, quadratic measurements, stochastic gradient descent.
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The aim of this letter is to estimate Σ under the assumption
that it admits a factor analysis decomposition
Σ = L + D = F F H + D.

That is, Σ can be decomposed into a sum of a low-rank positive semidefinite matrix L ∈ C N ×N of known rank R and a
nonnegative diagonal matrix D ∈ C N ×N . Since L is a lowrank positive semidefinite matrix, it can be represented with a
matrix F ∈ C N ×R as L = F F H . Recovering Σ now amounts
to estimating the unknown matrices F and D. Therefore, the
main question of interest is, can we estimate F and D from the
quadratic measurements {b1 , b2 , . . . , bM }?
In practice, we will not sketch the true covariance matrix Σ,
but sketch a stream of length-N data vectors {x1 , x2 , . . . , xS }
or the sample covariance matrix
Σ̂ =

I. INTRODUCTION
STIMATION of a structured covariance matrix plays a
central role in many areas, such as signal processing, machine learning, system identification, and statistical inference.
It is gaining a significant amount of attention, particularly in
scenarios where the number of measurements is much smaller
than the ambient dimension of the data.
In this letter, the focus is on recovering a covariance matrix
Σ ∈ C N ×N from M quadratic measurements of the form

E

bi =

aH
i Σai ,

i = 1, 2, . . . , M.

(1)

Here, the measurements are obtained using a set of length-N
sketching vectors {a1 , a2 , . . . , aM } with M < N 2 . The superscript (·)H denotes the complex conjugate transpose. The
quadratic measurement scheme, which is sometimes also referred to as covariance sketching, has been recently advocated
for different structured covariance estimation problems (including phase retrieval, sparse and/or low-rank covariance estimation) [1]–[5] in order to limit the costs of storing, processing, or
communicating the data.

(2)

S
1
xj xH
j
S j =1

(3)

computed from S data snapshots. Forming the sample covariance matrix Σ̂ costs about order N 2 S flops. Forming, storing,
or transmitting Σ̂ might become prohibitive depending on the
scale of the problem. In contrast, using the quadratic subsampling scheme (1), we need to transmit and/or store only a set of
2
M S samples {|aH
i xj | , 1 ≤ i ≤ M, 1 ≤ j ≤ S}.
A. Identifiability and Uniqueness
For identifiability, generally more equations are needed than
the number of unknowns. Here, the number of equations available is M , and the number of unknowns is cN R real parameters
of F (c = 1 for real matrices F and c = 2 for complex matrices
F ) and N parameters of D. In total, the number of unknowns
is N (cR + 1), which leads to the condition M ≥ N (cR + 1).
Also, it gives an upper bound R ≤ min{c−1 (M/N − 1), N } on
the factor rank (the decomposition (2) is useless for R ≥ N ).
It should be noted that F can be identified only up to an
arbitrary unitary factor V at the right as F V is also a solution.
B. Context
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Factor analysis is useful to describe a latent variable
model [6]–[10], in which the observed data x ∈ C N may be
explained with a small number of unobserved latent variables
(or the so-called factors) θ ∈ C R and factor loadings collected
in an N × R matrix F as
x = Fθ + ν
with a probabilistic prior on θ that E{θθ H } = I. Here, ν ∈ C N
denotes the noise vector with a diagonal covariance matrix
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E{νν H } = D. For such models, the covariance matrix of x,
i.e., Σ = E{xxH }, admits a factor analysis decomposition.
When D is not a scaled identity matrix (i.e., if the noise is
not white), the commonly used eigenvalue decomposition is not
useful anymore as it does not reveal the subspace of F .
The developed framework is useful for applications like sensor array calibration and interference cancellation in radio astronomy [9], [11] where large arrays are predominant (e.g., the
square kilometer array [12]), topology inference [13], [14] of
large-scale networks, and image restoration in cryo-electron microscopy [15], [16], to list a few.

C. Related Works and Contributions
Conventional factor analysis decomposition algorithms solve
for the unknown matrices F and D, assuming Σ is completely known, using iterative techniques, such as expectationmaximization algorithm [17], [18], semidefinite program [19],
[20], or alternating least squares (involving eigenvalue decomposition in each iteration) [9]. These algorithms cannot be used
to compute the factor analysis decomposition when only an
affine slice of Σ is available.
The contributions of this letter are as follows. To begin with,
in Section II, we develop a convex program for estimating F
and D from the quadratic measurements. Although the resulting
semidefinite programming problem can be solved using off-theshelf solvers, it might be computationally intensive, and also, it
is not suitable for processing streaming data. Therefore, a new
low-complexity iterative algorithm is proposed in Section III
for computing and updating the factor analysis decomposition
as more data becomes known. The developed algorithms are
also useful when D is a scaled identity matrix.

(4) simplifies to
minimize

trace(L)

subject to

A(L + D) = b

L,D

(5)

L  0, D  0 diagonal.
The semidefinite program (5) is very similar to the well-known
minimum trace factor analysis problem [19], [20] (see also references therein), however, with the main difference being that [19]
and [20] assume that the covariance matrix Σ is completely
known. In contrast, in (5), we only have access to an affine slice
of the covariance matrix Σ.
When only a finite number of snapshots are available, the
measurements are not consistent with the model (1). Therefore, to allow for noise in the measurements, it might be
more appropriate to replace the equality constraint in (5) with
A(L + D) − b2 ≤ ε, where ε is an appropriately chosen parameter.
In general, there is no guarantee that L̂ obtained from (5) will
be of rank R. Nonetheless, we may compute an estimate of F
by rank reduction. Let L̂ = U ΛU H with


R
Λ1 0
[U 1 U 2 ] N ;
.
Λ= 0
U=
Λ2
N −R
R N −R
R
N −R
1/2

Then, an estimate of F will be F̂ = U 1 Λ1 . Although, the
semidefinite program (5) can be solved efficiently, it still needs
a factorization to compute the low-dimensional subspace of interest as we lift up the problem of recovering a low-dimensional
subspace into that of recovering a low-rank matrix.
III. ITERATIVE ALGORITHM

II. CONVEX PROGRAM
N ×N

M

Letting A : C
→ R denote a linear transformation
that maps Hermitian matrices into real-valued vectors, the
quadratic measurements (1) collected in b as b = [b1 , . . . , bM ]T
can be compactly expressed as
b = A(Σ) = A(F F H + D).
Given b, the factor analysis decomposition may be computed
by solving the following rank minimization problem:
minimize

rank(L)

subject to

A(L + D) = b

L,D

(4)

L  0, D  0 diagonal
with variables L ∈ C N ×N and D ∈ RN ×N . Rank minimization problems are in general NP hard, and a common relaxation
technique [21], [22] is to replace the rank function in the objective with a trace operator. After this standard convex relaxation,

In this section, we develop an iterative algorithm for computing the factor analysis decomposition from a stream of quadratic
measurements. The developed algorithm is an adaptation of the
Kaczmarz method [23], [24], which is a special case of stochastic gradient descent. It consists of a rank-one update in each iteration to simultaneously update the low-dimensional subspace
as well as the nonnegative diagonal matrix. The formulation is
inspired by [2], and the update equations, in fact, reduce to the
ones in [2] for the special case with D = 0.
By defining a diagonal matrix Q = D 1/2 , (2) can be rewritten
as Σ = F F H + Q2 . The proposed algorithm sweeps through
the measurements, and at each iteration we solve a constrained
least squares problem. Given the previous estimate, denoted
by (F k , Qk ), the update equations are obtained by solving the
following optimization problem
minimize F k − X2F + Qk − Y 22
X,Y

H
subject to aH
+ Y 2 ]ar (k ) = br (k )
r (k ) [XX

(6)

with variables X ∈ C N ×R and Y ∈ RN ×N (diagonal). Here,
k is the iteration index and r(k) is chosen from the set
{1, 2, . . . , M } uniformly at random or in a cyclic manner,
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Fig. 1. Plots in the first row and second row are related to the performance of the estimators F̂ and D̂, respectively. (a) and (d) Performance of the convex
program (5), the convex program with inequality constraint, and the iterative algorithm as a function of the number of snapshots. (b) and (e) Convergence of the
iterative algorithm for different number of measurements, with and without finite sample effects, as a function of the number of iterations. (c) and (f) Convergence
of the iterative algorithm for different values of the factor rank as a function of the number of iterations.

Algorithm 1: Stochastic gradient descent for factor analysis.
Require {bi , 1 ≤ i ≤ M } and K.
Initialize F 0 ∈ C N ×R and D 0 ∈ RN ×N (diagonal).
1. for k = 1 to K
2. Set r(k) = (k − 1 mod M ) + 1.
3. Update F k +1 and D k +1 using (7) and (8), respectively.
4. end
Return F̂ = F K and D̂ = D K .
i.e., r(k) = (k − 1 mod M ) + 1. The solution of (6), denoted
by (X̂, Ŷ ), will be the current estimate (F k +1 , Qk +1 ).
The optimization problem (6) can be solved in closed form using Lagrange multipliers. The derivation is given in Appendix A.
The update equations are given by


(7)
F k +1 = I − αr (k ) P r (k ) F k

Qk +1 = diag




I − αr (k ) P r (k ) Qk

D k +1 = Q2k +1 .

(8)

Here, diag(·) operator forms a diagonal matrix from the diagonal
entries of its argument. The rank-one projector, P r (k ) , onto
the measurement space spanned by ar (k ) , given in (15), may
be cached if the measurements are reused. The closed-form
expression of the gain αr (k ) is given in (16).
In summary (see Algorithm 1), the iterative algorithm consists of choosing a random initial point (F 0 , D 0 ), then performing the rank-one update for estimating the low-dimensional

subspace and the diagonal matrix successively until convergence. Convergence may be determined by observing when the
estimates stop changing. Each update step approximately costs
order N 2 R flops. There is no tuning parameter involved in this
method and it is also well suited for processing streaming data
as the kth update step requires only the observation br (k ) to be
available.
IV. NUMERICAL EXPERIMENTS
In this section∗ , we demonstrate the performance of the
developed convex program and the iterative algorithm. For
the simulations, we use N = 50 and the sketching vectors
{ai , 1 ≤ i ≤ M } are chosen randomly, and independently, from
a zero-mean unit-variance Gaussian distribution. We generate F
with independent and identically distributed real Gaussian entries having zero mean and unit variance. The diagonal entries
of D are also generated randomly, and independently, from an
uniform distribution on (0, 10). The performance of the developed algorithms is shown in terms of the subspace estimation
error and the squared error of the estimator D̂. The subspace
estimation error is defined as
eF (F̂ , F ) = minimize F̂ − F V 2F
V H V =I

=

R


[σi2 (F̂ ) − 2σi (F H F̂ ) + σi2 (F )]

i=1

where σi (A) denotes the ith singular value of A with the singular values being sorted in the descending order. The squared
∗ Software to reproduce results of this letter can be downloaded from
http://cas.et.tudelft.nl/∼sundeep/sw/FAquad17.zip

68

IEEE SIGNAL PROCESSING LETTERS, VOL. 25, NO. 1, JANUARY 2018

error of the estimator D̂ is defined as eD (D̂, D) = D̂ − D2F .
The convex optimization problem (5) is solved using CVX [25].
The initial point (F 0 , D 0 ) for the iterative algorithm is chosen
randomly.
To begin with, in Fig. 1(a) and (d), we show the performance
of the convex program and the iterative algorithm for R = 2 and
for different number of snapshots. Here, the sample covariance
matrix Σ̂ formed from S = {102 , 103 , 104 , 105 , 106 } snapshots
is sketched with M = 1000 sketching vectors. Thus, the measurements are noisy. For the iterative algorithm, the error is
shown for K = 50000 iterations. This means that the available
measurements are reused 50 times. When the convex program
(5) is solved with an equality constraint (by ignoring noise), we
can see that the subspace estimates are very similar to that of the
iterative algorithm, however, the performance of the estimator
D̂ from the convex program is worse than that of the iterative
algorithm. This is because the convex program fits noise to D̂ to
obtain a low-rank matrix L̂. When the convex program is solved
with the inequality constraint A(L + D) − b ≤ ε, the error
in D̂ is traded with the rank of L̂. This means that the rank of
L̂ will be sensitive to the choice of ε. Although for the sake of
illustration, we use ε = A(Σ) − A(Σ̂)2 , in practice ε should
be tuned, e.g., through cross validation. The iterative algorithm,
on the other hand, is free from such a tuning parameter and is
also less sensitive to finite sample effects.
In Fig. 1(b) and (e), we fix the factor rank R = 2 and show
the convergence of the iterative algorithm for M = {400, 1200}
as a function of the number of updates. It can be seen that the
estimates improve slowly after N (R + 1) updates (for which the
number of measurements is more than the number of unknowns)
and the error drops quickly when the available measurements
are recycled. With S = 5000, due to the finite sample noise, the
error saturates, whereas in the noiseless scenario with the true
covariance matrix, the iterations converge to the true solution.
In Fig. 1(c) and (f), we fix the number of measurements
M = 1000 and the number of snapshots S = 5000, and show
the convergence for R = {1, 5, 10} as a function of the number
of updates. The number of unknowns increase as R increases and
as a consequence, for a fixed M , the convergence rate depends
on R with the convergence being slower for larger values of
R. As before, the error saturates because of the (finite sample)
noise.
V. CONCLUDING REMARKS
This letter presents a convex program as well as an iterative
algorithm for computing the factor analysis (i.e., low-rank plus
diagonal) decomposition from a set of quadratic rank-one measurements of a covariance matrix. The developed semidefinite
convex program can be solved efficiently when all the measurements are available. To process streaming or large-scale data,
Kaczmarz-like stochastic gradient descent algorithm has been
developed, wherein each update step involves a simple rank-one
projection to simultaneously update the low-rank subspace and
the diagonal matrix. The iterative algorithm performs better than
the convex program when only a finite number of data snapshots
are available.

APPENDIX A
In this appendix, the closed-form solution to (6) using Lagrange multipliers is derived. The Lagrangian of (6) is given
by
L(X, Y , λ) = F k − X2F + Qk − Y 22
H
+ λ aH
+ Y 2 ]ar (k ) − br (k )
r (k ) [XX

where λ is a scalar Lagrange multiplier corresponding to the
equality constraint. Setting the derivate of L(X, Y , λ) towards
X, Y , and λ to zero, we obtain the equations
−1
X(λ) = (I + λar (k ) aH
r (k ) ) F k ;

(9)

−1
Y (λ) = (I + λar (k ) aH
r (k ) ) Qk ;

(10)

H
aH
+ Y 2 ]ar (k ) = br (k ) .
r (k ) [XX

(11)

The optimal λ may be computed by substituting (9) and (10) in
(11), and this results in


2
H
−1
FkFH
aH
k + Qk
r (k ) (I + λar (k ) ar (k ) )
−1
× (I + λar (k ) aH
r (k ) ) ar (k ) = br (k ) .

(12)

We will now use the matrix-inversion lemma [26] to obtain
the following identities:
−1
(I + λar (k ) aH
r (k ) ) ar (k ) =

1
ar (k ) ;
1 + λar (k ) 22

−1
=I−
(I + λar (k ) aH
r (k ) )

λar (k ) aH
r (k )
1 + λar (k ) 22

.

(13)

(14)

Using (13) in (12), we can compute the solution for λ explicitly as
⎡
⎤
1/2
H
2
aH
(F
F
+
Q
)a
k
r
(k
)
1
k
k
r (k )
⎣±
− 1⎦ .
λ=
ar (k ) 22
br (k )
The solution corresponding to the larger λ that minimizes the
cost function is chosen. Using (14), and substituting the optimal
λ in (9) and (10), we obtain the solution to (6) as


X̂ = I − αr (k ) P r (k ) F k ;



Ŷ = diag I − αr (k ) P r (k ) Qk ,
where the rank-one projector P r (k ) is given by
P r (k ) =

ar (k ) aH
r (k )

(15)

ar (k ) 22

and the gain αr (k ) is given by
αr (k ) = 1 −

br (k )
2
2
F H
k ar (k ) 2 + Qk ar (k ) 2

1/2
.

(16)

It is easy to see that P r (k ) is a projection onto the measurement
space spanned by the r(k)th sketching vector ar (k ) , and the gain
αr (k ) provides a correction within that space.
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