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The “Algebraic Constant Modulus Algorithm” (ACMA) is anon-
iterative block algorithm for blind separation of constant modulus
sources. We previously showed that, unlike CMA, it asymptoti-
caly converges to the (non-blind) Wiener receiver. In this paper,
we present a finite sample statistical performance analysis. This
can be used to predict the SINR performance, as well as the de-
viation from the Wiener receivers. The theoretical performanceis
illustrated by numerical simulations and shows a good match.

1. INTRODUCTION

In this paper we study the performance of ACMA (“Analytica
Constant Modulus Algorithm™), proposed in [1]. ACMA isanon-
recursive blind source separation agorithm for constant modulus
signals. It isabatch algorithm that under noise-free conditions can
compute exact separating beamformers for all sources at the same
time, using only asmall number of samples. Although it has been
derived asadeterministic method, itisclosely related to JADE and
other fourth-order statistics based source separation techniques.

We could recently show that (unlike CMA), ACMA beam-
formers converge asymptotically in the number of samples to the
(non-blind) Wiener receivers [2]. Here, we will extend the anal-
ysis by deriving the large finite sample performance of a block of
N samples. For this we need the statistics of the eigenvectors of a
fourth order covariance matrix with non-Gaussian sources.

2. DATA MODEL
We consider alinear data model of the form

Xk = A+, 1)

where x, OC M is the data vector received by an array of M sen-
sors at time k, ¢ OC d is the source vector at time k, and ng O
¢ M an additive noise vector. A = [a; -+ ag] represents an M xd
complex-valued instantaneous mixing matrix (or array response
matrix). The sources are constant modulus (CM), i.e. each entry
5 of ssdtisfies|5| = 1.

We collect N samples in amatrix X = [X1, -+, Xn] : M xN.
Similarly defining S: dxNand N : M x N, we obtain
X =AS+N. )

A, S and N are unknown. The objective is to reconstruct S us-
ing linear beamforming, i.e, to find a beamforming matrix W =
Wi, wg] 0€M* of full row rank d such that S = W"X ap-
proximates S. Since S is unknown, the criterion for thisis that S
should be as close to aCM matrix as possible, i.e., we aim to make
|Sik| = |w;*xk| = 10i,k. If thisisthe case, then Sisequa to Sup
to unknown permutations and unit-norm scalings of itsrows. With
noise, we can obviously recover the sources only approximatively.
We work under the following assumptions:

1. N=d?2. A hasfull rank d, and M = d. To avoid complica-
tionsin the analysis, we assume M = d.

2. The sources are statisticaly independent constant modu-
lus sources, circularly symmetric, with covariance Rs :=
E(ss) =1.

3. Thenoiseis additive white Gaussian, zero mean, circularly
symmetric, independent from the sources, with covariance
Rn := E(nn") = 6?I.

Notation Overbar (") denotes complex conjugation, " is the ma-
trix transpose, "' the matrix complex conjugate transpose, T the ma-
trix pseudo-inverse (Moore-Penroseinverse). | (or | p) isthe (px p)
identity matrix; g isitsi-th column. 0 and 1 are vectors with all
entries equal to 0 and 1, respectively. vec(A) is a stacking of the
columns of amatrix A into a vector. For a vector, diag(v) isadi-
agonal matrix with the entries of v on the diagonal. ® isthe Schur-
Hadamart (entry-wise) matrix product, O is the Kronecker prod-
uct, o isthe Khatri-Rao product, which isacolumn-wise Kronecker
product. E(-) denotes the expectation operator.

For amatrix-val ued stochastic variabl eﬁ, defineitscovariance
matrix cov{ R} = E{[vec(R-E(R))][vec(R-E(R))]"}.

For azero mean random vector x = [x;], define thefourth order
cumulant matrix

Kx = E(XOx)(XOx)" -E(XOx)E(XOx)" -E(xx") O E(xx")
—E(x01)(10%)" 0 E(LOX)(XO 1)".

For circularly symmetric variables, the last term vanishes.

3. FORMULATION OF THE ALGORITHM

In brief outline, ACMA consists of two main steps. a prewhiten-
ing operation, and the algorithm proper. Definethe datacovariance
matrix and its sample estimate

A 1
Ry 1= E{xx"}, Ry = N ZkaE.
Assuming that M = d for simplicity of the analysis, the prewhiten-
ing filter transforms the datato

X =: AS+N

where the underscoreindicatesthe prewhitening. Notethat R, = 1.

Given the N data samples [x], the purpose of a beamforming
vector w is to recover one of the sources as § = w"xy. One tech-
nique for estimating such abeamformer isby minimizing the deter-
ministic CMA(2,2) cost function, W = argmin,, & ¥ (w"x[?-1)2.
Define
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In[2], wehavederived that CMA(2,2) isequivalent to (upto ascal-
ing of w which is not of interest to its performance)

W=RMA,  t=agminy'Cy, ®)
y=t_t
vl =1

ACMA is obtained as a two-step approach to the latter minimiza-
tion problem [2]:
1. Find an orthonormal basis Y = [§/1, -, §4] of independent
minimizers of y"C,y, i.e., the eigenvectors corresponding
to thed smallest eigenvalues of C,,.

2. Findabasis{f; Ofy,---,tg 04} that spans the same linear
subspace as{y1,--+,Yq}, and with ||tj|| = 1, i.e., solve

T =min||¥Y-(ToT)M|2 4
TMH (ToT)MIE, 4

subject to the constraint diag(T"T) =1.

It was shown in [2] that T converges asymptotically in N to a
matrix T = Ag, where A, is equal to A except for a scaling and
permutation of its columns. In the non-whitened domain, W =
R Y2 converges asymptotically to W = R;Ao, the Wiener re-
ceiver (except for the scaling and the permutation).

A performance analysisisnow possible, and followsin outline
the analysis of the MUSIC and WSF DOA estimators [3], but ex-
tended to fourth order statistics of non-Gaussian sources. The fol-
lowing limitations are introduced to keep the derivations tractable.

1. Nis sufficiently large, and we neglect terms of order N=2

over terms of order N1, The noise power o2 is sufficiently
small and we neglect o* over o2

2. We assume that the prewhitening step is based on the true

covariance matrix Ry. (Thisisaccuratefor M =d.)

3. We assume that the exact solution to (4) is computed.

4. COVARIANCE OF Cy

In this and the next sections, we drop for convenience the under-
score from the notation since all variables are based on whitened
data. Our objective in this section isto find acompact approxima-
tive expression for the covariance of Cy, denoted by Qy. Define

Cx = E{ (X O xi) (X O %)™} = E{ X O3} E{ X O3}
Using properties of cumulants, we can show that [2]
Cx = —[AcA][AcA]" + Ry ORyx =-[AcA][AcAl"+1. (5)
Furthermore, a straightforward derivation shows that
cov{ Ry} = &Cx. (6)

Thus, Cy isthe covariance of Ry, and C isa (biased) sample esti-
mate of it. A second interpretation of Cy is obtained by defining a
“data’ sequence

Ok =Xk Oxx = E{xx O X}, k=1,---,N, (7
and considering its covariance and sample covariance

Rg:=E{akgk},  Rg=#3 ;-

Itis straightforward to show that

E{Rg}

=Rg = Cx, Rg=Cx(1+0(J))-

Thus, Cy isthe covariance of g, and Iig isan unbiased sample es-
timate of it; in first order approximation it has the same properties
asthe biased estimate Cx. Similar to (6), it followsthat cov{ Rq} =

1
7 Cg Where

Co:=E{(@IQ)@00)"} -E(FUQE(GIG".  (®)

In summary, we can prove

Theorem 1. Qy = cof{Cx} = §Cq+0(h).
It remains to find a compact description of Cq in terms of our data
model. Inserting the model xx = As¢ + ny in the definition of gy,
we obtain

Ok = AcCk+ Dk

where

c =3 €55 =[5, S8, S5, K56,

i)
Ac = [allila,],?éJ
n :=n0n- Rn+AsDn+nDAs

where € = vec’(e,e ), and vec'( -) is a vectoring operator which
skips the main dlagonal The vector cis CM (with certain depen-
denciesamongitsentries). Likewise, thematrix A skipsthea; O g
columnsof AOA.

Themodel gx = AcCk + Nk has several propertiesthat are simi-
lar to that of xx = As¢ + ng. However, c and n are not independent
(only uncorrelated), not circularly symmetric, and K, 7 0. A good
approximation for Cq taking into account all terms up to O(a?),is

given as
Theorem2.  Cg=[AcOAJKLAOA" + RgORg + E+E"
where

E = [ADRY?0AJEs[A.DRY? DAJ"
+[RY?0ADA ]EZ[ACDADRl/Z]”

KEZKC+ZZ‘%{JDG{<| ) (€0
i#] k# y
KC:_[; eII]Dell djmdj Jlmdj)(e(jiljdj)
+ely D)€ 0¢))
Ei1 = zd DQ(DIdIZIe de
T (ZikFi

+etl0ej D190 € 06 +ef DaOlgOe) 0€,(1-3))

= Iz;”;efj'ﬁma:mdmejme{k

+g0e OlgOe 06 +e Del 01900, (1-3}).

(All indicesrange over 1,---,d. Note, the latter matrices are data
independent and simply collections of ‘1’ entries.)
PrROOF Omitted. _

It can be shown experimentally that the term Rg 0 Rg is the
dominant term, so that

Cg=CxOCx ©)

isagood approximation. Thisisthe same asregarding c and n as
Gaussian vectors with independent entries. Making this approxi-
mation would lead to particularly simple results in the eigenvector
perturbation study and subsequent steps, aswe basically can apply
the theory in Viberg [3].



5. EIGENVECTOR PERTURBATION

In this section we consider the statistical properties of the eigen-
vectors of Cy, afourth order sample covariance matrix based on
nonGaussian signals. We first give a general derivation and then
specializeto the caseat hand. The generalization isneeded because
most existing derivations consider Gaussian sources. )

For a covariance matrix R with unbiased sample estimate R
based on N samples of a (not necessarily Gaussian) vector process,
consider the eigenval ue decompositions R = UAU", R = UAU".
If we elaborate on the equality

R-R = (U-U)AU"-R(U-U)U" + O(A-A)U"
and assume that we partition the eigenval ue decomposition of R as
R = UAU" = UsAsUL + UnAnUn, (10)

wherethe eigenvaluesin Ag are distinct and unequal to any eigen-
valuein Ay, then we can derive directly that in first order

vec(PnUs) = [I O Un][As D1 =1 0 Aq) 1 [UsO Up]"vec(R - R)

where P, = UpU;,. From the latter we canimmediately find an ex-
pression for the covariance of the “signal” eigenvectors projected
into the “noise” subspace:

Lemma3. Let R beasample covariance matrix converging to
R, and assumethat R has eigenval ue decomposition (10) wherethe
entriesin A are distinct and unequal to any entry in A,. Then

cov{PrUs} = [| DUp][AsT1 =1 O Ap ™ {Us O Up]" - cov{R} -
(UsOUn)[AsO1 =1 DA DUQJ" + o(N71).
(11
Essentially the same result appears in [4], but written as summa-
tions and with a more indirect proof.
We now specialize to our situation. We have

R o Rg = Cx
cov{R} « Q¢ = cov{Cy} = £Cq + O(N?).
Introduce the eigenvalue decomposition of Cy as
Cx = UAY" = UsAsUs + UnAAnUn (12

where As collects the d smallest eigenvalues of Cy. Likewise, Us
isabasis for the approximate null space of Cy. Also introduce the
singular value decomposition

A = AoA = UpZaVa, (13

where Ua hasd orthonormal columns, X5 = diag[gk] isad xd di-
agonal matrix, and Va isd xd unitary. Let LJE be the orthogonal
complement of Up. It follows from (5) that the eigenval ue decom-
position of Cy is given by

I-32
Cx=[Ua Ual { ~A J [Ua Ual" (14
In view of the partitioning in (12) we set Us = Ua, As = | - 22,

and An = 1. Inserting thisin (11), we obtain

Theorem4.  cov{PRUs} = Cy + o(N71), where

Cu = [Z22UA D PRI Cg[UAZA’ OPR].

Significant simplifications are possibleif we allow the approx-
imation of Cgin (9).

6. SUBSPACEFITTING

6.1. Cost function

The next item in the analysisis the subspacefitting problem in (4).
We can follow in outline the performance analysis technique de-
scribed in [3]. Some notational changes are necessary.

In equation (4), we computed ad x d separating beamforming
matrix T (in the whitened domain), with columns constrained to
have unit norm. W.I.0.g., we can further constrain the first nonzero
entry of each column to be positive real. Let A(0) be aminima
parametrization of such matrices. The true mixing matrix can then
be written as A = A(6)B, where B is a diagonal scaling matrix
which isunidentifiable by the subspacefitting. We assume that the
true parameter vector @ is uniquely identifiable and that A(0) is
continuously differentiable around 6. We proved in [2] that as
N - o, T converges to Ag = A(8p), and thus we can write T =
A(0). In this notation, equation (4) becomes
A(B)oA(0).

A(B) = argmin|Us-A@M[Z,  A(6):=

A(8),M
As usual, the problem is separable, and the optimum for M given
A(8) isA(8)"Us. Eliminating M, we obtain

A(6) = argmin|| E’E(e)@s“%:
A(8)

where EE(G) =1-A(8)A(8)". Hence we will consider the mini-

mization of the cost function
J(8) = (PR (g)UsllZ = vec(Pag)Us)"vec(Pag)Us)  (15)

(This can be generalized to a weighted norm as usual.)

6.2. Covarianceof 0

Choose a specific parametrization of A(8). Since the columns of
A(0) are not coupled, we can write A(0) = [a(01), ---, a(Bq)],
where a(0;) is a parametrization of a unit-norm vector with real
non-negative first entry, which requires p := 2(d - 1) rea-valued
parameters per vector. Denote 6;; the i-th parameter of 6, and de-
fine the derivative matrix

6a1 6a1 6a2
0911 6921 s 901, ) ](90) . (16)

Theorem5.  Let Ag:=A(8p)0A(Bg), Ae:=A(Bg) 01,
= A_\eo D+ Do Ae

= (AlUa)'D 1p

= [Z‘ZUA O PA] Cq[UaZ20PY]

= 4Mo EAD] Cu[MoPRD]

2[M o PRD]"[M o PD],

IOQ <O

where Ua and 24 are defined in (13). For large N, the covariance
of 0 that minimizesthe subspacefitting problem (15) isin first order
approximation

Re := cov{8} = 1H1QH™.

PROOF Omitted; along the lines of [3].



6.3. Covarianceof T

It remains to map the previous result to an expression for the co-
variance of the beamforming vectors. With some abuse of notation,
lett =vec(T), whereT = A((-)o) and Iett = vec(T) =vec(A(8)).
Then, for small perturbations, t =t + 5, 2 a6 L (8,-6n), sothat { has
covariance

a ot Re at ot y
9011’ 961 »IRel5g aeal o 17)
[(Idﬂl)OD]Re[(ldﬂl) DI,

where D was defined in (16). The covariance of a beamformer t;
isthe j j-th subblock of size px p of R;.

6.4. SINR performance

To alow a better interpretation of the performance of the beam-
formers, we derive a mapping of R; to the inverse SINR, or the
INSR (interference plus noise to signal ratio), defined for a beam-
forming vector t and array response vector a of the corresponding
source as (recall that Ry = 1)

t"(1 —aa™)t
INSR(t) i= —————.
()=t
The optimal solution that minimizes the INSR is t = aa (for an
arbitrary nonzero scaling a). Consider a perturbation: t =t+d
wheret = aa. Then

O
i(l aa+dpd), (18)

INSR(f) = 7

H
where the approximation isgood if d"P,d <« t"t. Let A:= (tHdt )
be anormalized (scale-invariant) definition of the covariance of f.
Then in the above approximation

1-a"a  tr(PA)
a“a a'a

E{INSR(})} = (19)
Thefirst term representsthe asymptotic performance of the Wiener
beamformer (f = a with A = 0). The second term is the excess
INSR due to the deviation of T from the optimum. We can simply
plug in the estimates of Ry; from equation (17) in place of A to ob-
tain the INSR corresponding to the ACMA beamformers.

For comparison, we consider the Wiener beamformer esti-
mated from finite samples and known S, or Tw = (XX")71xs".
Let fy be one of the columns of Ty, and a the corresponding col-
umn of A. The normalized covariance of tyy is derived as

cov(iw-a) 11-a"a 1
Ay = = — | i
W a'a N a'a + O(Ng)a

so that for the expected INSR of the finite-sample Wiener we find
in first order approximation

l1-a"a d-1 1-a"a

E(INSR(Ew)} = =5 N

(20)

7. SSMULATIONS

Figure 1 shows performance plots of the first source for asimula-
tion with d = 3 sources, M = 3 antennas in a uniform linear ar-
ray, source powers B = diag(1,1.2,0.9), and source angles a =
[0,a,—a], for varying N and SNR. The figure shows the excess
INSR relative to the INSR of the asymptotic Wiener beamformer,
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Figurel. Finite sample INSR in excess of the asymptotic INSR of
the Wiener beamformer.

evaluated for source 1 (i.e. the second terms in (19) and (20)).
The experimental results show with ‘+’ the outcome of the origi-
nal ACMA agorithm of [1], and with ‘o’ thealgorithm asanalyzed
here, i.e., with prewhitening based on the true covariance matrix
Ry, and using Gauss-Newton optimization to solve the subspace
fitting step. The dotted lineisthe approximation resulting from (9),
which isindeed very good. Asis seen from the figures, the theo-
retical curves are agood prediction of the actual performance once
N > 30, SNR > 5dB. Thesmall differencein performance between
the original algorithm and the analyzed algorithm is caused by the
different prewhitening. Not shown in the figures are the results for
weighted subspacefitting: these turned out to be virtually identical
to the unweighted resullts.
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