CIP2010: 2010 IAPR Workshop on Cognitive Information Processing

Compressive sampling based MVDR spectrum
sensing
Ying Wang † , Ashish Pandharipande and Geert Leus†


Philips Research Europe,
High Tech Campus, 5656 AE Eindhoven, The Netherlands
Email: {ying.z.wang, ashish.p}@philips.com
†
Department of EEMCS, Delft University of Technology, The Netherlands
Email: g.j.t.leus@tudelft.nl

Abstract—We propose a compressive sampling (CS) based
MVDR spectrum estimator, which estimates the wideband spectrum from the compressed signals with sub-Nyquist-rate sampling. To analyze detection performance, we derive the statistics
of the estimated CS MVDR spectrum considering finite samples.
We also show that different compression matrices produce
different levels of signal leakage and influence the computation
of detection thresholds.

I. I NTRODUCTION
Large portions of spectrum in the VHF-UHF bands are
under-utilized, and regulatory activities are ongoing for permitting secondary usage of such bands [5]. Cognitive radios
enable us to improve the spectral utilization via spectrum sensing. The idea is to determine frequency bands free of signal
transmissions from licensed users or primary users, so that
such bands can be used by secondary users opportunistically.
One key challenge of spectrum sensing is the large bandwidth
of interest, e.g. a few GHz. This imposes impractical burden
on the conventional analog-to-digital convertors (ADC) with
Nyquist-rate sampling.
Compressive sampling (CS) is a method of acquisition and
reconstruction of sparse signals [4]. One application of CS
is the analog-to-information convertor (AIC) that can sample
below the Nyquist-rate [7]. By exploiting the fact that the spectrum is under-utilized and therefore sparse, we can reconstruct
the original wideband spectrum from the compressed signal
(acquired by e.g., an AIC), using well-known approaches like
l1 -norm minimization [4].
The CS reconstruction based spectrum estimation usually
involves iterative algorithms with high complexity [3], as
compared to the conventional spectrum estimation like periodogram. The minimum variance distortionless response
(MVDR) estimator, also known as Capon beamformer [1],
was originally proposed for array-based high resolution angle
spectrum estimation. An CS array architecture proposed in
[10] illustrates that the estimated angle spectrum using the CS
MVDR approach is reasonably well comparing to that using
the CS reconstruction approach.
In this paper, we propose a CS MVDR approach for
wideband spectrum sensing, with much less computational
complexity than commonly used CS reconstruction algorithms.
The analog wideband signal is first sampled by a sub-Nyquist-
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rate AIC. Then the wideband spectrum is estimated from the
compressed signal using the proposed CS MVDR estimator. A
Neyman-Pearson detector is applied on the estimated spectrum
to determine for each frequency bin whether some primary
signal is present or not.
II. S IGNAL M ODEL
The time domain signal is divided into blocks of equal
length. Each block contains N discrete time samples at
Nyquist-rate sampling. Taking an Ns -point (Ns ≥ N ) Discrete
Fourier Transform (DFT) on one block of time samples (with
zero-padding if needed), we obtain the frequency domain
signal of length Ns . We will refer to one block as one snapshot.
Let t = 1, 2, . . . , Q denote the snapshot index, Q being the
total number of snapshots. The received time domain signal
at the t-th snapshot can be written as
xt = Ψx zt + nt ,

(1)

where Ψx is an N × Ns basis matrix, zt is an Ns × 1 vector of
frequency domain signals without noise, and nt is an N × 1
vector of additive white Gaussian noise (AWGN) with variance
σn2 . The basis matrix Ψx consists of Ns basis vectors, i.e.,
Ψx = [a(ω1 ) a(ω2 ) · · · a(ωNs )].

(2)

Each basis vector a(ωi ) is a complex exponential sequence
with frequency ωi , i.e.,
√
(3)
a(ωi ) = [1 ejωi · · · ejωi (N −1) ]T / N ,
ωi = 2πi/Ns,
Note that

i = 1, 2, . . . , Ns .

ΨH
x = F̄Ns ,

(4)

where F̄Ns is the first N columns of an Ns × Ns normalized
DFT matrix FNs (whose column norm is Ns /N ).
We sample the received signal using an AIC and obtain
the CS measurement signal yt . The relationship between the
original Nyquist-rate signal xt of (1) and yt is
yt = Φxt = ΦΨx zt + Φnt = Ψy zt + mt ,

(5)

where Φ is a CS measurement matrix of size M × N (M <
N ). Here we use discrete-time representations for both xt and
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yt , by viewing the AIC conceptually as a Nyquist-rate ADC
followed by a compression matrix Φ. In practice, the AIC
operates on the analog version of xt and outputs the digital
signal yt , where the multiplication with the matrix Φ can be
implemented using mixers and integrators [7]. The covariance
matrix of the CS measurement signal is defined by
Ry =

E[yt ytH ]

=

Ψy Rz ΨH
y

+ Rm ,

(6)

where E[·] is the expectation operator, Ψy = ΦΨx is the
basis matrix of the compressed signal, and Rz , Rm are the
covariance matrices defined respectively by
2 2
2
Rz = E[zt zH
t ] = diag[σ1 σ2 · · · σNs ],

(7)

2
H
Rm = E[mt mH
t ] = σn ΦΦ .

(8)

In (7) we assume that the frequency domain signal vector
zt contains Ns uncorrelated coefficients with zero mean and
variances σi2 , i = 1, 2, . . . , Ns . In wideband spectrum estimation, the signal is assumed to be sparse in frequency domain,
i.e., the Ns × 1 vector zt has only K (K  N ) nonzero
coefficients. Let Ω = {ωi |i = i1 , i2 , . . . , iK } be a set of
active frequencies occupied by signals, and Ω̄ be the remaining
Ns − K frequencies occupied by noise only. If we denote
the i-th element of zt as zt (ωi ), then zt (ωi ) is nonzero at
frequencies ωi ∈ Ω, and zeros otherwise.
III. P ROBABILITY DISTRIBUTION OF THE CS MVDR
S PECTRUM ESTIMATE

1

b(ωi )H R−1
y b(ωi )

,

i = 1, 2, . . . , Ns ,

and the CS MVDR spectrum estimate with finite snapshots is
1

.

(11)

Since xt is an N -variate complex Gaussian random variable
and yt is an M -variate complex Gaussian random variable,
the sample covariance matrix R̂y of (10) follows a complex
Wishart distribution [6]. Extending the result of [9, Theorem
3.4.7] to the complex-valued case, we have
1
bH R̂−1
y b
i.e.,

∼

P̂y (ωi ) ∼

b(ωi )H R̂−1
y b(ωi )

1
1
χ22(Q−M+1) ,
2Q bH R−1
y b
1
Py (ωi )χ22(Q−M+1) ,
2Q

The probability distribution of P̂y (ωi ) is needed to determine
the presence of signals at frequency ωi .
IV. S IGNAL DETECTION
Using the estimated CS MVDR spectrum P̂y (ωi ), the detection problem is to determine for each frequency ωi whether
some primary signal is present or not. Following the NeymanPearson approach, we compare P̂y (ωi ) with a threshold γ(ωi )
to distinguish between two hypotheses:

≥ γ(ωi ) H1 : signal present, i.e., ωi ∈ Ω
P̂y (ωi )
(13)
< γ(ωi ) H0 : signal absent, i.e., ωi ∈ Ω̄.
We wrote the threshold as γ(ωi ) since it may depend on the
frequency ωi . To design a threshold we need to know the
distribution of P̂y (ωi ) at noise only frequencies ωi ∈ Ω̄. This
distribution is given by (12) and it requires the knowledge
of the true CS MVDR spectrum, i.e., Py (ωi ) at ωi ∈ Ω̄. It
is desired that the threshold is independent of the primary
signals, which is possible only if there is no signal leakage to
the noise-only frequencies, i.e., Py (ωi ) does not contain signal
contribution at ωi ∈ Ω̄.
To analyze the signal leakage effects, we first define an
Ns × Ns matrix Py as
−1
Py = ΨH
y Ry Ψy .

(9)

where b(ωi ) = Φa(ωi ) is a basis vector in Ψy . When we
have only Q snapshots available, a sample covariance matrix
is calculated by
(10)
R̂y = (YYH )/Q,

P̂y (ωi ) =

E[P̂y (ωi )] = Py (ωi )(Q − M + 1)/Q
V ar[P̂y (ωi )] = Py2 (ωi )(Q − M + 1)/Q2 .

A. Signal leakage of the CS MVDR spectrum

Based on the CS measurement signal of (5), we obtain the
CS MVDR spectrum given by
Py (ωi ) =

random variable multiplied by the true MVDR spectrum (with
a scaling factor), with mean and variance given by

Applying the matrix inversion lemma [8] on (6), R−1
y becomes
−1
−1
−1
H −1
−1 H −1
Ψy Rm .
R−1
y = Rm − Rm Ψy (Rz + Ψy Rm Ψy )
(15)
Then Py of (14) can be expressed by a noise-only matrix Pm
and a signal dependent matrix Ps :

Py

=

Pm − Ps ,

Pm

=

Ps

=

−1
−2 H
ΨH
y Rm Ψy = σn Ψx PΦ Ψx ,
1/2
1/2 −1 1/2
Pm R1/2
Rz Pm ,
z (I + Rz Pm Rz )

(16)
(17)
(18)

where PΦ = ΦH (ΦΦH )−1 Φ = Φ† Φ is the projection matrix
onto the column-space of Φ († denotes the Moore-Penrose
pseudoinverse), and I is an Ns × Ns identity matrix. The CS
MVDR spectrum of (9) can thus be rewritten as the diagonal
elements of Py , i.e., for i = 1, 2, . . . , Ns ,
Py (ωi ) =

(12)

where χ2v denotes a centralized Chi-square distribution with
v degrees of freedom, and for simplicity of notation we
omitted the parameter ωi of the basis vector b(ωi ). The finite
snapshots based MVDR spectrum estimate is a Chi-square

(14)

1
1
=
.
[Py ]i,i
[Pm ]i,i − [Ps ]i,i

(19)

To avoid signal leakage, [Ps ]i,i must contain no signal contribution at noise-only frequencies ωi ∈ Ω̄, which is true
only when Pm is diagonal. If Pm is banded, i.e., its matrix
elements are zero outside a diagonally bordered band, then
we have some signal leakage in the neighborhood of active
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frequencies ωi ∈ Ω. Whether Pm is diagonal or banded
depends on the following cases:
1) Nyquist-rate signals (M = N ), the compression matrix
Φ = IN and the projection PΦ = IN . Depending on
whether spectral smoothing is used or not, we have
a) no spectral smoothing (N = Ns ):
−2
Pm = σn−2 FNs FH
Ns = σn I = diagonal.

b) with spectral smoothing (N < Ns ):
Pm = σn−2 F̄Ns F̄H
Ns = well banded.
2) Compressed signals (M < N ), the compression matrix
Φ contains elements drawn i.i.d. from a random distribution and the N × N projection PΦ has rank M .
a) no spectral smoothing (N = Ns ):
Pm = σn−2 FNs PΦ FH
Ns = less banded.
b) with spectral smoothing (N < Ns ):
Pm = σn−2 F̄Ns PΦ F̄H
Ns = less banded.
For both case 1) and case 2), more spectral smoothing (i.e.,
larger Ns /N for a fixed Ns ) results in a wider diagonal band
in Pm . For case 1) when there is no compression, Pm is well
banded, i.e., its out-of-band power is close to zero. For case 2)
when a compression matrix is involved, we say that Pm is ’less
banded’ because its out-of-band power is considerably higher
than that of case 1). The out-of-band power of Pm is related
to the compression ratio M/N and the type of compression
matrix Φ used, or more exactly, whether Φ has a Toeplitz
structure or not. A Toeplitz Φ produces a most banded Pm
because the signal basis Ψx has a Fourier structure.
B. Threshold computation
For Nyquist-rate signals, [Pm ]i,i is constant over all the
frequencies. For compressed signals, the original white noise
is colored by the compression matrix Φ and [Pm ]i,i varies over
frequencies (except for a random selection Φ). This suggests
a frequency varying threshold. For convenience we can whiten
(11) to get an improved CS MVDR spectrum estimate:
a(ωi )H PΦ a(ωi )
¯
P̂y (ωi ) =
= P̂y (ωi )[Pm ]i,i σn2 ,
b(ωi )H R̂−1
y b(ωi )

(20)

which has a probability distribution of
¯
P̂y (ωi ) ∼

σn2
χ2
2Q(1 − [Ps ]i,i /[Pm ]i,i ) 2(Q−M+1)

(21)

Using the detection approach of (13), for a given threshold γ
we can calculate the probability of false alarm as
¯
pf = P rob{P̂y (ωi ) > γ|H0 }
2Qγ(1 − [Ps ]i,i /[Pm ]i,i )
= Fr (
), ωi ∈ Ω̄, (22)
σn2
where Fr (·) is the right-tail integral of the χ22(Q−M+1) distribution. For a given pf , the threshold can be found by
γ=

Fr−1 (pf )σn2
,
2Q(1 − [Ps ]i,i /[Pm ]i,i )

ωi ∈ Ω̄.

(23)

For Nyquist-rate signals, when Ns /N = 1 the signal leakage
term [Ps ]i,i = 0 at noise-only frequencies ωi ∈ Ω̄, whereas
when Ns /N > 1 there will be some signal leakage but negligible. For compressed signals with a Toeplitz compression
matrix, the signal leakage only affects the neighborhood of
active frequencies, i.e., [Ps ]i,i ≈ 0 at frequencies ωi ∈ Ω̃,
where Ω̃ ⊂ Ω̄ denotes the set of noise-only frequencies far
away from the active frequencies. Then a threshold for a given
pf is γ = Fr−1 (pf )σn2 /(2Q). For compressed signals with a
non-Toeplitz compression matrix, [Ps ]i,i is not negligible at
noise-only frequencies.
V. S IMULATION
We simulate an example scenario of the wideband spectrum
with mixed analog/digital broadcasting television transmission.
The total bandwidth of interest is 128 MHz, which is also the
Nyquist sampling rate. Assume that we have 1 ms of signal
available for spectrum sensing. The total number of Nyquistrate samples is 128000. The number of frequencies is Ns =
256, which corresponds to a frequency resolution of 0.5 MHz.
The primary signals consist of two digital TV transmissions
(each occupying 16 frequencies, i.e. 8 MHz bandwidth) and 4
analog TV transmissions (each occupying a single frequency).
The number of active frequencies is K = 36. The noise power
is σn2 = 1. The signals at active frequencies are generated
using random bits with binary phase shift keying (BPSK)
modulation. The signal power σi2 is equal for all the active
frequencies ωi ∈ Ω, and the signal-to-noise (SNR) ratio is
defined by σi2 /σn2 . The compression ratio is M/N = 0.3. If
N = Ns (no spectral smoothing), then M = 77 and Q = 500.
If N = Ns /2 (with spectral smoothing), then M = 38 and
Q = 1000. With a fixed compression ratio, a larger pair of M
and N results in more complexity in the AIC implementation
and the spectrum estimation.
We consider three different compression matrices: 1) ’randn’
- general random Gaussian Φ, whose elements are drawn
i.i.d. from a random Gaussian distribution of zero mean and
variance 1/M ; 2) ’toeprnc’ - Toeplitz random Gaussion Φ,
whose elements are drawn from the same distribution as in 1)
and with a Toeplitz structure; 3) ’rande’ - random selection Φ,
which is constructed by randomly selecting M columns from
an N ×N identity matrix and multipled with a normalization
factor N/M .
We first show how banded the matrix Pm of (17) is under
different situations. The more banded the Pm is (i.e., more
close to a diagonal matrix), the less signal leakage to the
noise-only frequencies. We plot the amplitude of Pm for
different compression matrices Φ. Figure 1 shows the |Pm |
in linear scale for a Φ equal to the identity matrix (i.e., no
compression), which gives a diagonal Pm (when Ns /N = 1)
and a well banded Pm (when Ns /N = 2). Figures 2, 3 and
4 show the |Pm | in dB scale for a Toeplitz random Gaussian
Φ, a general random Gaussian Φ, and a random selection Φ,
respectively. We can see that a Toeplitz Φ produces a most
banded Pm , which has its diagonal-band elements about 30
dB higher than the rest of the elements. For non-Toeplitz Φ’s,
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the diagonal-band elements are about 15 dB higher than the
rest of the elements of Pm .
Pm, eye, Ns/N=1

Pm, eye, Ns/N=2
1
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1
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100

with a non-Toeplitz compression matrix, the signal leakage
affects all the frequencies and the estimated noise floor is
shifting up by a constant level depending on the signal power,
the spectral smoothing ratio Ns /N , and the compression ratio
M/N .
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Fig. 5. Ns /N = 1. a) Nyquist-rate signal. b) Toeplitz random Gaussian Φ.
c) general random Gaussian Φ. d) random selection Φ.
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Then we show an example of the estimated MVDR spectrum using Nyquist-rate signals and compressed signals (with
different Φ’s) when the SNR is 3 dB. Figures 5 and 6 correspond to Ns /N = 1 and 2, respectively. We plot a normalized
version of (20) to make the mean of the estimated spectrum
¯
equal to the true spectrum, i.e., P̂y (ωi )Q/(Q − M + 1) for
¯
compressed signals, and P̂x (ωi )Q/(Q − N + 1) for Nyquist¯
rate signals, where P̂x (ωi ) is obtained by setting Φ = IN
in (20). For Nyquist-rate signals and compressed signals with
a Toeplitz Φ, the signal leakage is negligible at noise-only
frequencies and the estimated noise floor is about the same
level as the noise power σn2 , i.e., 0 dB. For compressed signals
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Fig. 6. Ns /N = 2. a) Nyquist-rate signal. b) Toeplitz random Gaussian Φ.
c) general random Gaussian Φ. d) random selection Φ.

In Figure 7, we plot the cumulative distribution function
(CDF) of the estimated noise floor when Ns /N = 2. The
upper subplot is for an SNR of 0 dB and the lower for an
SNR of -5 dB. The estimated noise floor samples are obtained
using (20) at noise-only frequencies that are 10 frequencies
away from the active frequencies. In both subplots, the thinner
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lines are for Nyquist-rate signals, and the thicker lines are for
compressed signals. We also plot the theoretical Chi-square
CDF curves (solid lines) for reference, i.e., χ22(Q−N +1) for
Nyquist-rate signals and χ22(Q−M+1) for compressed signals.
Note that the theoretical Chi-square CDF values are calculated
assuming [Ps ]i,i = 0 in (21). We can see that the estimated
noise floor samples follow quite well the theoretical Chisquare curves for Nyquist-rate signals (thinner dashed lines)
and compressed signals with a Toeplitz Φ (thicker dashed
lines). For compressed signals with either a general random
Gaussian Φ (thicker dash-dotted lines) or with a random
selection Φ (thicker dotted lines), the mean of the estimated
noise floor is shifted towards right (increased) compared to the
theoretical Chi-square curves because the signal leakage term
[Ps ]i,i is no longer zero and increases with SNR.
CDF, noise floor, Ns/N=2, 0dB
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VI. C ONCLUSION
We have proposed a CS based MVDR estimator using
compressed signals from an AIC for wideband spectrum sensing. The computational complexity of the proposed estimator
is considerably less than the conventional CS reconstruction
algorithms. There are also cases when conventional l1 -norm
minimization based reconstruction algorithms completely fail,
while the CS MVDR approach still gives a reasonable spectrum estimate. For example, in our simulation section when
spectral smoothing is used, AIC has a small-sized Φ (N =
128, M = 38) that is unable to reconstruct the signal
of K = 36. In order to design a detection threshold, we
obtained the probability distribution of the estimated spectrum
considering finite samples. We also found that a compression
matrix with a Toeplitz structure results in least signal leakage,
compared to other choices.
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