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ABSTRACT
We present a compressive wide-band spectrum sensing scheme for
cognitive radios. The received analog signal at the cognitive radio sensing receiver is transformed in to a digital signal using an
analog-to-information converter. The autocorrelation of this compressed signal is then used to reconstruct an estimate of the signal
spectrum. We evaluate the performance of this scheme in terms of
the mean squared error of the power spectrum density estimate and
the probability of detecting signal occupancy.
Index Terms— Compressive sampling, Wide-band spectrum
sensing, Cognitive radio, Spectrum estimation.

We consider a spectrum sensing scheme based on compressive sampling of the wide-band analog signal using an analog-toinformation converter (AIC). An AIC directly relates to the idea of
sampling at the information rate of the signal. Practical approaches
to AIC design have been considered in [8], [10]. An estimate of
the original signal spectrum is then made based on CS reconstruction using a wavelet edge detector along the approach in [11]. We
evaluate the resulting power spectrum density (PSD) estimate using the mean squared error (MSE) and the probability of detecting
spectrum occupancy, and compare the performance with the scheme
based on [11]. We note that for the scheme based on [11], CS is
done on the autocorrelation of the discrete-time signal obtained by
Nyquist-rate sampling. In our approach, CS is directly performed on
the wide-band analog signal.

1. INTRODUCTION
It has been widely recognized that utilization of radio spectrum by licensed wireless systems, e.g., TV broadcasting, aeronautical telemetry, is quite low [6]. In particular, at any given time and spatial region, there are frequency bands where there is no signal occupancy.
That is, licensed signal transmissions are sparse in frequency domain. There has been recent interest in improving spectrum utilization by permitting secondary usage using cognitive radios [1], [6],
[12]. Cognitive radios use spectrum sensing to determine frequency
bands that are vacant of licensed signal transmissions and transmit
on such portions to meet regulatory constraints of avoiding harmful
interference to licensed systems.
Future cognitive radios will be capable of scanning a wide band
of frequencies [1], in the order of a few GHz, and employ adaptive
waveforms for transmission depending on the estimated spectrum of
licensed systems. In this paper, we address the problem of estimating
the spectrum of the wide-band signal received at the cognitive radio
sensing receiver using compressive sampling.
Compressive sampling (CS) is a method for acquisition of sparse
signals at rates signiﬁcantly lower than Nyquist rate; signal reconstruction is a solution to an optimization problem [2], [5]. In [11],
a spectrum sensing scheme based on compressive sampling was introduced which works for special signals whose fourier transform is
real. For the scheme in [11] to work for a larger class of signals, we
ﬁrst consider the following extension. The signal received from the
licensed system at the cognitive radio sensing receiver is sampled,
albeit at the Nyquist rate. The autocorrelation of the resulting signal is compressively sampled. An estimate of the spectrum is then
obtained using a wavelet edge detector after CS reconstruction, thus
determining the spectrum occupancy of the licensed system. This
scheme still requires an analog-to-digital converter (ADC) to operate at Nyquist rate or higher and takes a paradoxical approach to CS.
Wide-band ADCs operating at sampling rates of the order of several
giga-samples/s are thus a major challenge with such a scheme.
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2. PRELIMINARIES
Let x(t) be the wide-band analog signal received at the cognitive
radio sensing receiver. We consider the frequency range of interest
to be comprised of P non-overlapping contiguous subbands. The
bandwidth and channelization of the subbands need not in general
be known to the cognitive radio.
We shall ﬁrst follow [2], [5] and [11] to describe a scheme for
wide-band spectrum sensing based on CS principles. Let the analog
signal x(t), 0 ≤ t ≤ T , be represented as a ﬁnite weighted sum of
basis functions (e.g., Fourier) ψi (t) as follows
x(t) =

N


si ψi (t)

(1)

i=1

where only a few basis coefﬁcients si are much larger than zero due
to the sparsity of x(t). In particular, with a discrete-time CS framework, consider the acquisition of an N × 1 vector x = Ψs, where
Ψ is the N × N sparsity basis matrix and s an N × 1 vector with
K  N non-zero (and large enough) entries si . It has been shown
that x can be recovered using M = KO(log N ) non-adaptive linear
projection measurements on to an M × N basis matrix Φ that is incoherent with Ψ [3]. An example construction of Φ is by choosing
elements that are drawn independently from a random distribution,
e.g., Gaussian, Bernoulli. The measurement vector y can be written
as
y = Φx = ΦΨs.
(2)
Reconstruction is achieved by solving the following l1 -norm optimization problem
ŝ = arg min s1
s

s.t.

y = ΦΨs.

(3)

Linear programming techniques, e.g., basis pursuit [4], or iterative
greedy algorithms [9] can be used to solve (3).
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2.1. Compressive spectrum sensing scheme based on [11]
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Fig. 1. CS acquisition in spectrum sensing method of [11].

k = 0, 1, 2, . . .

(4)

T

where denotes the transpose operation. We assume the signal to be
zero-mean, wide-sense stationary. Denote the autocorrelation at lag
j as rx (j) = E[xn x∗n−j ]. In practice, estimates of the autocorrelation are obtained by averaging over several signal segments. Denote
the 2N × 1 autocorrelation vector of (4) as
rx = [0 rx (−N + 1) · · · rx (0) · · · rx (N − 1)]T .

(5)

A wavelet-based smoothing is then performed, followed by taking
a Fourier transform to obtain the PSD. Denote the discrete counterparts of these operations by the 2N × 2N matrices W and F . The
derivative of the PSD then gives the edge spectrum. The derivative can be approximated by a ﬁrst-order difference, given by the
2N × 2N matrix
⎡
⎤
1 0 ··· 0
⎢ −1 1 · · · 0 ⎥
⎢
⎥
Γ=⎢
.⎥.
⎣ 0 . . . . . . .. ⎦
0 · · · −1 1
Denote G = (ΓFW)−1 . Note that G represents the transform domain where the autocorrelation vector rx has a sparse representation.
The 2N × 1 discrete component vector zs corresponding to the edge
spectrum can be related to rx by [11]
rx = Gzs

(6)

Compressive sampling is now performed by means of a 2M × 2N
compressive matrix ΦI , giving rise to the 2M ×1 measurement vector cx = ΦI rx . An estimate ẑs,1 of the edge spectrum is obtained
by solving the CS reconstruction problem:
ẑs,1 = arg min zs 1
zs

s.t.

cx = (ΦI G)zs .
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Fig. 2. CS acquisition in proposed spectrum sensing method.

The compressive spectrum sensing approach presented in [11]
works under the assumption that the frequency response of the analog signal input at the sensing receiver is real, with a relatively ﬂat
response over its regions of support. To make the method of [11] to
work in practice, we consider the following simple extension. Figure
1 depicts the CS acquisition employed. The basic idea of this approach is to view the entire wide-band spectrum as subbands where
subband edges indicate change in spectrum occupancy. These spectrum edges can be detected using a wavelet-based detector. The CS
method is applied to wide-band spectrum sensing as follows. The
received signal x(t) is sampled at Nyquist rate or higher and the
discrete-time signal stacked in to N × 1 vectors
xk = [xkN xkN +1 · · · xkN +N −1 ]T ,

\N
$,&

(7)

An estimate of the wide-band spectrum can be obtained from ẑs,1 =
[ẑs,1 (1) ẑs,1 (2) · · · ẑs,1 (2N )]T by computing a cumulative sum.
The discrete components of the PSD estimate are given by
n

Ŝx,1 (n) =
ẑs,1 (k).
(8)
k=1

It is important to point out that this scheme results in a somewhat
paradoxical architecture since sub-Nyquist sampling is achieved by
ﬁrst sampling the wide-band analog signal at Nyquist rate and then
applying CS on the autocorrelation vector rx .
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Figure 2 depicts the acquisition under the proposed method. The
analog baseband signal x(t) is sampled using an AIC. An AIC may
be conceptually viewed as an ADC operating at Nyquist rate, followed by compressive sampling. Denote the N × 1 stacked vector
at the output of the ADC by
xk = [xkN xkN +1 · · · xkN +N −1 ]T

k = 0, 1, 2 . . .

(9)

and the M × N compressive sampling matrix by ΦA . The output of
the AIC denoted by the M × 1 vector
yk = [ykM ykM +1 · · · ykM +M −1 ]T

k = 0, 1, 2 . . .

(10)

is given by

(11)
yk = ΦA xk .
The respective N × N and M × M autocorrelation matrices of
the compressed signal and the input signal vectors in (10) and (9) are
related as follows
Ry = E[yk ykH ] = ΦA Rx ΦH
A

(12)

H

where denotes the Hermitian. The elements of the matrices in (12)
are given by: [Ry ]ij = ry (i−j) = ry∗ (j −i), [Rx ]ij = rx (i−j) =
rx∗ (j − i).
Denote the respective 2N ×1 and 2M ×1 autocorrelation vectors
corresponding to (9) and (10) as follows
rx = [0 rx (−N + 1) · · · rx (0) · · · rx (N − 1)]T ,

(13)

T

(14)
ry = [0 ry (−M + 1) · · · ry (0) · · · ry (M − 1)] .
To pose the CS reconstruction in the form of (3) and (7), we need
to ﬁrst relate the autocorrelation vectors in (13) and (14). Note that
the components of these vectors lie on the ﬁrst column and row of
the respective autocorrelation matrices. After some matrix algebraic
operations, we obtain the following result.
ry = ΦII rx

(15)

where ΦII is given as
ΦII =

ΦA Φ1 ΦA Φ2
.
ΦA Φ3 ΦA Φ4

(16)

Denoting the (i, j)-th element of ΦA by φ∗i,j , the M × N matrix
ΦA has its (i, j)-th element given by
[ΦA ]i,j =

0
i = 1, j = 1, · · · , N,
 1, j = 1, · · · , N,
φM +2−i,j i =

and the N × N matrices Φ1 , Φ2 , Φ3 , Φ4 are
Φ1 = hankel([0N ×1 ], [0 φ∗1,1 · · · φ∗1,N −1 ])
Φ2 = hankel([φ∗1,1 · · · φ∗1,N ], [φ∗1,N 01×(N −1) ])
Φ3 = toeplitz([0N ×1 ], [0 φ1,N · · · φ1,2 ])
Φ4 = toeplitz([φ1,1 · · · φ1,N ], [φ1,1 01×(N −1) ]),
where hankel(c, r) is a hankel matrix (i.e., symmetric and constant
across the anti-diagonals) whose ﬁrst column is c and whose last row
is r, toeplitz(c, r) is a toeplitz matrix (i.e., symmetric and constant
across the diagonals) whose ﬁrst column is c and whose ﬁrst row is
r, 0N ×1 is a column of N zeros, and 01×(N −1) is a row of N − 1
zeros.

Now using (6) and (15), we can formulate the CS reconstruction
of the edge spectrum as an l1 -norm optimization problem
ẑs,2 = arg min zs 1
zs

ry = (ΦII G)zs

s.t.

0

Sx [dB]

(17)

−2
−4
−6

An estimate of the wide-band spectrum can now be obtained, as done
in Section 2.1, from ẑs,2 = [ẑs,2 (1) ẑs,2 (2) · · · ẑs,2 (2N )]T by
computing a cumulative sum. The discrete components of the PSD
estimate are given by
n

ẑs,2 (k).
(18)
Ŝx,2 (n) =
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In [3], the mutual coherence parameter μ is deﬁned as a measure
of the incoherence between the compressive sampling matrix Φ and
sparsity basis matrix Ψ involved in CS,
√
μ(Φ, Ψ) = 2N ·
max
|φk , ψ j |,
(19)

−40

1

−60
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−20

0

f [MHz]

2N ]

where φk and ψ j are respective columns of Φ and Ψ. The proposed
scheme incurs a reduced mutual incoherency due to the structure of
ΦII in (16). This has an impact on the performance of spectrum
estimation and subsequent detection, as will be shown via simulation
results.

Fig. 3. Spectrum estimation: (a) Nyquist rate PSD; (b) recovered
edge spectrum; (c) recovered PSD from edges
0
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4. SIMULATION RESULTS
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MSE

In this section we evaluate the performance of the proposed AICbased spectrum sensing scheme (Architecture II) with that presented
in Section 2.1 (Architecture I). We consider, at baseband, a wide
frequency band of interest ranging from -40 to 40 MHz, containing
10 non-overlapping channels of equal bandwidth of 8 MHz. Each
channel is possibly occupied by a licensed system transmission signal that uses OFDM modulation according to the DVB-T standard.
Each 8 MHz OFDM symbol has 8192 frequency tones and a cyclic
preﬁx length of 1024. The number of OFDM symbols used for spectrum sensing is 1. The over-sampling factor is 16, i.e. the sampling
rate is 16 × 8MHz. The occupancy ratio of the total 80 MHz band is
50%, i.e., 5 out of 10 channels are occupied by licensed transmission
signals and the remaining 5 channels are unoccupied. The received
signal is corrupted by additive white Gaussian noise (AWGN) with
a variance of σn2 = 0.2. The received signal to noise ratios (SNR) of
the 5 active channels are 7dB, 4dB, 7dB, 7dB, and 4dB, respectively.
A Gaussian wavelet function is used for smoothing. For compressed
sensing, N is 256 and the compression rate M/N is set to vary from
1% to 100%. The entries of the compressive sampling matrix Φ are
Gaussian distributed with zero mean and variance 1/M .
The estimated / recovered PSD: Figure 3 shows the estimated
PSD based on our proposed approach. The top plot shows the original PSD of the received wide-band signal. The middle plot shows
the estimated edge vector ẑs,2 in (17) using a tree-based Matching
Pursuit recovery from the CS measurements with M/N =0.5. The
bottom plot shows the recovered PSD Ŝx,2 vectors whose elements
are deﬁned as in (18) via cumulative sum of the estimated edge vector.
MSE performance: We compare the normalized MSE of the estimated PSD of our approach and that of [11]. The normalized MSE
is deﬁned as
Ŝx,i − Sx 22
MSEi = E{
}, i = 1, 2
(20)
Sx 22
where Sx denotes the PSD estimate vector based on the periodogram
using the signals sampled at Nyquist rate, Ŝx,1 the PSD estimate
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Fig. 4. MSE performance
vector based on the approach of [11], and Ŝx,2 the PSD estimate
vector based on our approach. We can see from ﬁgure 4 that for both
approaches the signal recovery quality (via tree-based Matching Pursuit) improves as the compression rate M/N increases. While the
MSE performance of our approach is a bit worse than that of the
method described in Section 2.1 due to the reduced mutual incoherency of ΦII in (16), a reduced sampling rate is employed in our
approach.
Probability of Detection Performance: We evaluate the probability of detection Pd based on the estimated PSD Ŝx,i , i = 1, 2.
The decision of the presence of a licensed transmission signal in a
certain channel is made by an energy detector using the estimated
frequency response over that channel, i.e., the test statistic is
Tp =

pK


Ŝx,i (k),

p = 1, 2, . . . , 10

(21)

k=(p−1)K+1

where p is the channel index, k is the frequency subcarrier index,
and K = 25 is the number of PSD samples of each channel. The
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5. CONCLUSIONS

1

P (Architecture I)
d

We presented a compressive wide-band spectrum sensing scheme
wherein an AIC operates on the received analog signal. Spectrum
estimation is done based on CS reconstruction using the autocorrelation vector of the resulting compressed signal. The spectrum
estimate was used to determine the spectrum occupancy of the licensed system. Performance evaluation using MSE and probability
of detection showed that the proposed scheme performs comparably to the scheme based on [11]. The loss in incoherence thus does
not substantially affect spectrum estimation and spectrum occupancy
detection.
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