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Calculation of the Mean Strain of Smooth
Non-Uniform Strain Fields Using

Conventional FBG Sensors
Aydin Rajabzadeh , Richard Heusdens , Richard C. Hendriks , and Roger M. Groves

Abstract—In the past few decades, fiber Bragg grating (FBG)
sensors have gained a lot of attention in the field of distributed
point strain measurement. One of the most interesting properties
of these sensors is the presumed linear relationship between the
strain and the peak wavelength shift of the FBG reflected spectra.
However, subjecting sensors to a non-uniform stress field will in
general result in a strain estimation error when using this linear
relationship. In this paper, we propose a new strain estimation
algorithm that accurately estimates the mean strain value in the
case of smooth non-uniform strain distributions. To do so, we first
introduce an approximation of the classical transfer matrix model,
which we will refer to as the approximated transfer matrix model.
This model facilitates the analysis of FBG reflected spectra under
arbitrary strain distributions, particularly, by providing a closed-
form approximation of the side lobes of the reflected spectra. Based
on this new formulation, we derive a maximum likelihood estima-
tor of the mean strain value. The algorithm is validated using both
computer simulations and experimental FBG measurements. Com-
pared to state-of-the-art methods, which typically introduce errors
of tens of microstrains, the proposed method is able to compensate
for this error. In the typical examples that were analyzed in this
study, mean strain errors of around 60 με were compensated.

Index Terms—Fiber Bragg grating (FBG), fiber optic sensing,
reflected spectra, strain distribution, transfer matrix model.

I. INTRODUCTION

F IBRE Bragg grating (FBG) sensors have shown to be one
of the most robust and versatile sensors in strain sensing ap-

plications. With the possibility of multiplexing several sensors
on a single optical fibre and their immunity to electromagnetic
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interferences, FBG sensors are an ideal candidate for applica-
tions in adverse environments such as the oil and gas industries
or aviation [1]. Because of their small diameter, they can be
embedded inside composite structures to acquire internal strain
measurements [2], [3] and can also be used for damage detection
purposes including delamination and matrix cracks [4]–[7]. In
addition, strain (or temperature) changes along the length of the
sensor are directly related to the peak wavelength shift of the
reflected spectra of FBG sensors (the intensity of the reflected
light), making strain measurements straightforward. This rela-
tionship will be described in detail in Section II. However, FBG
sensors have several complications which need to be addressed
properly. The first problem is that the strain and temperature
jointly contribute to the peak wavelength shift. In order to al-
leviate this problem, there have already been several extensive
studies, either using multiple sensors with compensation for
local temperature variations [8], [9], or taking advantage of dif-
ferent grating structures such as tilted FBG sensors [10], [11],
multiple chirped FBG sensors [12], and birefringent FBG sen-
sors with multiple independent peaks [13].

The second problem with FBG strain measurements is the
sensor response under non-uniform strain distributions. Under
uniform strain distributions, the relationship between the strain
and the peak wavelength shift of the FBG reflection spectrum
is linear. However, this does not necessarily hold under non-
uniform strain distributions. Such non-uniformities could be the
result of embedding the sensor in or surface mounting on a
structure, when a non-uniform stress is applied. For instance, an
embedded FBG sensor in a composite structure in the vicinity
of a crack or delamination defect experiences different non-
uniform strain distributions and, therefore, responds with rather
distinguishable reflected spectra [5]–[7], [14], [15]. The result-
ing non-uniform strain distributions under these circumstances
could most possibly complicate strain measurements using FBG
sensors.

Despite the fact that in many practical situations the strain
distribution is non-uniform, existing algorithms for estimating
the mean strain value are still based on the shift of the peak
wavelength. When the sensor is subject to non-uniform strain
fields, however, each segment of the sensor will experience a
different strain, resulting in different peak wavelength shifts
along the length of the sensor. As a consequence, looking to
the (global) shift of the peak wavelength will in general lead
to an estimation error in the mean strain value. In this paper
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we will propose a new algorithm that accurately estimates the
mean strain value when the strain distribution is non-uniform.
We will show that the mean strain value is related to the average
shift of the peak wavelength along the length of the sensor
and that this information can be found in the side lobes of
the reflected spectra. In order to analyse the reflected spectra we
will present a model that describes the interaction of the forward
and backward electric wave propagation between consecutive
segments, which is an approximation of the widely used transfer
matrix model (TMM). This approximated transfer matrix model
(ATMM) enables us to accurately find the average wavelength
shift. The codes for the approximated transfer matrix model and
the mean strain estimation algorithm can be accessed online1.

II. BACKGROUND

FBG sensors are spatially modulated patterns of refractive
index changes in the core of optical fibres that act as a mirror for
certain wavelengths. The linear relationship between the peak
wavelength of the reflected spectra, usually referred to as the
Bragg wavelength and denoted by λB , and the grating period Λ
of the FBG is given by [16], [17]

λB = 2neff Λ ,

where neff is the effective refractive index of the core. Under
uniform strain (or temperature) fields, say s, the change in the
grating period is constant along the length of the sensor, resulting
in a shift ΔλB of the Bragg wavelength. That is,

ΔλB = kss, (1)

where the constant ks depends on the physical properties of the
sensor2 In theory, this is without any change in the morphology
of the reflected spectra, and the peaks will either be shifted to-
wards shorter wavelengths (under compression) or longer wave-
lengths (under tension). Therefore, under a uniform strain field,
(1) results in an accurate measurement of the mean strain value
over the length of the sensor. However, perfect uniform strain
distributions are unlikely in practice. The more common strain
fields are non-uniform and result in nontrivial overall reflected
spectra, possibly asymmetric and having multiple peaks, leading
to an error in the mean strain estimation. In order to compensate
for this error, the full spectrum of the signal should be analysed,
for which the transfer matrix method has been shown to be a
proper tool.

A. Transfer matrix model

Consider the case of a non-uniform strain distribution over
the length of the FBG sensor. We will divide the length of the
sensor into a series of small segments of length Δz, where Δz
is taken sufficiently small such that each of these segments has
approximately a uniform strain distribution. As a consequence,
the strain distribution will affect each segment’s grating period
differently. To be more precise, let si denote the strain field of

1http://cas.tudelft.nl/Repository/
2For the sensors used in this study, based on the datasheet, ks = 1.209 ×

10−3 nm/με.

Fig. 1. Schematic view of the FBG structure.

segment i. The Bragg wavelength shift ΔλBi
of segment i is

then given by

ΔλBi
= λBi

− λB = kssi,

where λBi
is the Bragg wavelength of segment i. As a conse-

quence, the mean strain distribution, denoted by s̄, satisfies

ks s̄ = λ̄B − λB , (2)

where λ̄B = 1
M

∑
i λBi

is the mean Bragg wavelength of the
sensor. Hence, when the sensor is subject to non-uniform strain
fields, each segment of the model experiences a different Bragg
wavelength shift and λ̄B does not necessarily correspond to the
peak wavelength anymore.

In order to analyse the FBG reflected spectra under an
arbitrary grating distribution, we wil beake use of the transfer
matrix model (TMM) [18]. The TMM models the interaction of
the forward and backward electric wave propagation between
consecutive segments, where it is assumed that the length of
the individual segments Δz satisfies Δz � Λ. Let Ai and Bi

denote the forward and backward propagating waves in segment
i, respectively (see Fig. 1). In this model, it is assumed that at
the end of the final segment, there will be a full transmission
of the incident wave (A0 = 1) and no reflection from further
along the optical fibre (B0 = 0).

In each segment, the relation between the forward and the
backward propagating waves can be described by the following
relation [18]

(
Ai

Bi

)

= Fi

(
Ai−1
Bi−1

)

,

where

Fi =

⎛

⎝
cosh(γiΔz) − j Δβi

γi
sinh(γiΔz) − j κi

γi
sinh(γiΔz)

j κi

γi
sinh(γiΔz) cosh(γiΔz) + j Δβi

γi
sinh(γiΔz)

⎞

⎠,

(3)

is the tranfer matrix of segment i having elements Fi1 1 , Fi1 2 ,
Fi2 1 and Fi2 2 . Note that Fi1 1 = F ∗

i2 2
and Fi1 2 = F ∗

i2 1
, where the

superscript ∗ denotes complex conjugation. In (3), κi is the cou-
pling coefficient between forward and backward waves, Δβi =
2πneff ( 1

λ
− 1

λB i
) is the difference between the propagation con-

stants in the longitudinal (or z) direction, γi =
√

κ2
i − Δβ2

i ,
and λ is a given wavelength under investigation. Assume that
the total number of segments considered in the model is M .
After calculating the matrix Fi for each segment (for a given
wavelength), the relationship between the backward and for-
ward electric wave amplitudes between the 0th and the Mth
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segment is given by
(

AM

BM

)

= F

(
A0
B0

)

,

in which

F =
M∏

i=1

Fi.

The reflected spectrum, say R(λ), is then determined as

R(λ) =
∣
∣
∣
∣
BM

AM

∣
∣
∣
∣

2

=
∣
∣
∣
∣
F21

F11

∣
∣
∣
∣

2

,

where F21 and F11 are entries of the composite matrix F . In
the next section, an approximation of the transfer matrix model
will be introduced which significantly simplifies the analysis of
FBG reflected spectra.

III. APPROXIMATED TRANSFER MATRIX MODEL

In this section we will show that, for sufficiently small Δz,
the TMM can be accurately approximated, resulting in a model
that facilitates the analysis of non-uniform strain fields. We will
refer to this approximated model as the approximated transfer
matrix model (ATMM). Note that the length Δz can be chosen
to be arbitrarily small (as long as Δz � Λ) and that this choice
has no effect on the physical properties of the sensor.

Suppose that Δz is sufficiently small. We will show that in
this case the matrix Fi can be approximated as

Fi ≈
(

e−jΔβi Δz −jκiΔz sinc(ΔβiΔz)

jκiΔz sinc(ΔβiΔz) ejΔβi Δz

)

,

(4)

where sinc(·) = sin(·)
(·) .

To show under what conditions the approximations hold, an
element-wise comparison will be made between the formula-
tions in (3) and (4). Recall that Δβi = 2πneff ( 1

λ
− 1

λB i
) and

γi =
√

κ2
i − Δβ2

i , where λBi
is the Bragg wavelength of seg-

ment i. In the near infrared wavelength range, which is the region
of interest for almost all FBG sensors, we have Δβi

2 � κi
2 ,

and thus γi ≈ j|Δβi |, except for a small wavelength range cen-
tred around λBi

(a few tens of picometres which depends on
the production and reflectivity levels of the FBG sensor) where
the values of κi and Δβi are of the same order of magnitude. In
order to make the analysis of the formulation easier, we divide
the wavelength range into the two above mentioned regions, as
different strategies are needed to verify the correctness of the
approximation for these regions.

Region 1: In this region |Δβi | � κi . As already mentioned,
for this region γi ≈ j|Δβi |, and therefore, the first term of Fi1 1

in (3), i.e., cosh(γiΔz), can be approximated as

cosh(γiΔz) ≈ cosh(j|Δβi |Δz) = cos(ΔβiΔz),

where we omit the absolute value since cos is an even-symmetric
function. The second term of Fi1 1 in (3) can in this wavelength

region be approximated as

−j
Δβi

γi
sinh(γiΔz) ≈ −sign(Δβi) sinh(j|Δβi |Δz)

= −j sin(ΔβiΔz),

where we omit the absolute value since sin is an odd-symmetric
function. Combining these relations gives the required result for
Fi1 1 in (4). The remaining term (Fi2 1 ) can in this wavelength
region be approximated as

j
κi

γi
sinh(γiΔz) ≈ j

κi

|Δβi | sin(|Δβi |Δz)

=jκiΔz sinc(ΔβiΔz).

Region 2: In this wavelength range, the values of κi and Δβi

are of the same order of magnitude so that |γiΔz| � 1. Hence,
the Taylor series expansion for the first term of Fi1 1 in (3)
will be

cosh(γiΔz) = 1 +
1
2
|γiΔz|2 +

1
4!
|γiΔz|4 + · · · .

In order to keep the representation of the Fi matrices consistent
in both regions, we replace cosh(γiΔz) by cos(ΔβiΔz), which
leads in Region 2 to an absolute error of

| cosh(γiΔz) − cos(ΔβiΔz)|

=
1
2
Δz2 (|Δβi |2 + |γi |2

)
+

1
6!

Δz6 (|Δβi |6 + |γi |6
)

+ · · · ,

(5)

which is negligible when Δz is sufficiently small3. Along the
same lines and using the Taylor series expansion of sin and sinh,
the second term of Fi1 1 is approximated as

j
Δβi

γi
sinh(γiΔz) ≈ j

Δβi

γi
(γiΔz) ≈ j sin(ΔβiΔz).

From this we see that the approximation of Fi1 1 from (3) to (4)
can be argued to be also accurate in region 2. With respect to
Fi2 1 in (3), this can in a similar way be approximated by

j
κi

γi
sinh(γiΔz) ≈ jκiΔz ≈ jκiΔz sinc(ΔβiΔz),

which shows that the approximation of (3) by (4) can be argued
to be accurate also in region 2. Finally, we will rewrite (4) in
a slightly more convenient form by a variable substitution. As
stated in Section II-A, the difference between the propagation
constants is Δβi = 2πneff ( 1

λ
− 1

λB i
). Therefore, the argument

ΔβiΔz in (4) can be expressed as ΔβiΔz = α − αi , where

α =
2πneff Δz

λ
and αi =

2πneff Δz

λBi

. (6)

With this, (4) can be rewritten as

Fi =

(
e−j (α−αi ) −jκiΔz sinc(α − αi)

jκiΔz sinc(α − αi) ej (α−αi )

)

, (7)

which will be the basis of the analyses in this paper.

3In this study, using computer simulations, it was seen that for Δz ≤ 0.001 m
(corresponding to M ≥ 10 for a sensor of length 1 cm), the relative error of the
amplitude of the reflected spectra was less than 0.05%.
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Fig. 2. (a) A non-uniform strain distribution. (b) The resulted FBG reflected spectra.

IV. MEAN STRAIN ESTIMATION

To get a better understanding of the problem with the inaccu-
racy of (1) under non-uniform strain distributions, this section
will start with an example in which the simulation results of
an FBG sensor under non-uniform strain distributions are pre-
sented. Suppose the strain distribution of Fig. 2(a), with an
average strain of 253.5 με, is applied over the length of the
FBG sensor. The resulting FBG reflected spectrum will have a
non-symmetrical shape and is depicted in Fig. 2(b).

According to Fig. 2(b), the distance between the peak wave-
length of the reflected spectra of the undisturbed and strained
FBG sensor is 344 pm, which corresponds to a (mean) strain of
344/ks = 284.5 με. Hence, in this example, an error of approx-
imately 31 με is introduced which needs to be compensated.

By inspection of (2) we conclude that when subject to a non-
uniform strain distribution, instead of finding the peak wave-
length of the reflected spectrum of the sensor, we need to find
the average Bragg wavelength λ̄B of the sensor. In the next sub-
section, we will see that λ̄B can be found by inspection of the
side lobes of the FBG reflected spectra and does not necessar-
ily correspond to the peak wavelength. To do so, we will use
the ATMM to derive a closed-form approximation for the side
lobes.

A. Closed-Form Approximation of the Side Lobes

In what follows, we assume the coupling coefficient (κi)
to be constant and equal to κ throughout the length of the
sensor. The reason for this assumption is that first, the cou-
pling coefficient does not affect the oscillation frequency of
the FBG reflected spectra in neither main nor side peaks, and
second, due to the fact that it often has only a small variation
along the length of the sensor, its effect on the amplitude is
negligible.

Suppose there is an arbitrary non-uniform strain distribu-
tion over the length of the FBG sensor. Each segment i of
the FBG sensor undergoes a local strain si , resulting in an

asymmetric overall reflected spectrum. Multiplying all M ap-
proximated transfer matrices Fi defined in (7), resulting in the
composite matrix F , entry F11 will have the form

F11 = e−j (M α−∑M
i = 1 αi ) +

�M
2 	∑

n=1

(M
2 n )∑

l=1

×
⎧
⎨

⎩

∏

i∈xl

(−1)nκΔz sinc(α − αi)
∏

i∈xC
l

e(−1)v j (α−αi )

⎫
⎬

⎭
,

(8)

where xl ∈ X2n with X2n being the set of all possible
combinations of 2n numbers taken from the set Ω = {1, 2,
...,M}. As an example, assuming n = 1, we will have X2 =
{{1, 2}, {1, 3}, ...{M − 1,M}}. Also, xC

l = Ω \ xl is the com-
plement of the set xl in Ω, and v ∈ {0, 1} which depends on the
set xl . Similarly, we find that

F21 =
M∑

i=1

κΔz sinc(α − αi)e
−j ( (M −2i+1)α+

∑

k < i

αk −
∑

k > i

αk)

+
�M

2 	∑

n=1

( M
2 n + 1)∑

l=1

⎧
⎨

⎩

∏

i∈yl

(−1)nκΔz sinc(α − αi)
∏

i∈yC
l

e(−1)v j (α−αi )

⎫
⎬

⎭
,

(9)

where yl ∈ Y2n+1 with Y2n+1 being the set of all possible com-
binations of 2n + 1 numbers taken from Ω. By inspection of
(8), it can be seen that when the sinc terms are sufficiently
damped, the dominant term will be the first exponential, which
has magnitude 1. As a consequence

R(λ) ≈ |F21 |2 , ∀i ∈ Ω, |λ − λBi
| > λth , (10)

where λth > 0 is a threshold wavelength for which (10) holds.
Note that the condition |λ − λBi

| > λth is approximately the
same as |α − αi | > αth . Using similar arguments, it can be
shown that the dominant terms in (9) are given by those in the
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first summation, as the second summation contains products of
sinc functions whose amplitudes are small when |λ − λB | >
λth . For notational convenience, let ξi = κi Δz

2j (α−αi )
. With this,

we have

F21 ≈
M∑

i=1

κΔz sinc(α − αi)e
−j ((M −2i+1)α+

∑

k < i

αk −
∑

k > i

αk)

(a)
=

M∑

i=1

ξi

(

e
−j ((M −2i)α+

∑

k ≤i

αk −
∑

k > i

αk )

− e
−j ((M −2(i−1))α+

∑

k < i

αk −
∑

k ≥i

αk)
)

(b)
=

M −1∑

i=1

(ξi − ξi+1) e
−j ((M −2i)α+

∑

k ≤i

αk −
∑

k > i

αk)

+ ξM ejM (α−ᾱ) − ξ1e
−jM (α−ᾱ) , (11)

where (a) follows by applying Euler’s equation and (b) is ob-
tained by re-arranging terms. We have the following results.

Lemma 1: Let λBi
= λ̄B + Δi and Δ2 = 1

M

∑
i Δ2

i . If
|Δi | � λ̄B for all i, then

1) ᾱ =
2πneff Δz

λ̄B
+ O

(
Δ2

λ̄3
B

)

. (12)

If, in addition, |λ − λ̄B | > λth and |λBi
− λBi + 1 | � λth for all

i, then

2) |ξi − ξi+1 | � |ξ1 |, |ξM |.
Proof: See Appendix A. �
Assuming that the conditions of Lemma 1 are satisfied, we

conclude that

F21 ≈ ξM ejM (α−ᾱ) − ξ1e
−jM (α−ᾱ) , (13)

so that

R(λ)
(a)≈ 4Re(ξ1ξ

∗
M ) sin2 (M(α − ᾱ)) + (ξM − ξ1)2

=
(κΔz)2

(α − α1)(α − αM )
sin2 (M(α − ᾱ)) + (ξM − ξ1)2

(b)≈ (κL)2 sinc2 (M(α − ᾱ)) + (ξM − ξ1)2 , (14)

where (a) follows from (13) using elementary trigonometric
identities and (b) follows from the presumption that small vari-
ations in the amplitude of the sin function in (14), caused by
replacing the α1 and αM terms by ᾱ are negligible. Also note
that MΔz = L, the length of the sensor.

Some remarks are in place here. The assumptions for which
the results of Lemma 1 hold are met in most practical scenarios.
Indeed, in practice the deviations from the mean Bragg wave-
length is less than a few nanometers. As an example, the strain
distribution as depicted in Fig. 2(a) gives rise to a maximum
deviation of about 250 pm, which is, compared to the aver-
age Bragg wavelength (λ̄B ≈ 1550 nm), three to four orders of
magnitude smaller. Larger deviations are unrealistic in the sense

Fig. 3. FBG reflected spectra under an arbitrary non-uniform strain field
(in blue) and the approximation for the side lobes in red.

that too large Δi will result in breaking the FBG sensor or re-
quire unrealistically long sensors. In addition, if we choose Δz
sufficiently small and assume that the strain distribution cannot
change arbitrarily fast along the length of the sensor, we will
have |λBi

− λBi + 1 | � λth , where λth is in the order of 1–2 nm.
By inspection of Fig. 2(a), if we choose M = 100, the maxi-
mum difference between successive Bragg wavelengths λBi

is
approximately 5 pm, which is three orders of magnitude smaller
than λth .

Coming back to the approximation (14), we see that the re-
flected spectrum can be approximated by a scaled (squared)
sinc function having a possible offset. This approximation only
holds in the wavelength range |λ − λB | > λth . To illustrate this
approximation, Fig. 3 compares the reflected spectrum of a sim-
ulated FBG sensor under the non-uniform strain field depicted
in Fig. 2(a), along with its approximation given by (14). It can be
seen that this approximation does not hold for the main lobe, but
does hold for the wavelength region for which |λ − λB | > λth ,
where λth is in the order of 1–2 nm which can be identified
by setting a threshold level on the amplitude of the reflected
spectra4.

As was shown in Section II-A, it is λ̄B that we need to es-
timate in order to compute the mean strain distribution s̄ using
(2). However, the result of Lemma 1, which gives the relation
between λ̄B and ᾱ, shows that this can be accomplished by es-
timating ᾱ, which is the phase shift of the sinc approximation
of the reflected spectrum. A maximum likelihood estimator of
ᾱ is therefore given by the phase-shift value that maximises the
cross-correlation between the observed reflected spectrum and
sinc2 (M(α − ᾱ)) [19, p. 192], where the correlation in this case
is only taken over the range |λ − λB | > λth . Note that since the
cross-correlation is shift and scale invariant, neither any discrep-
ancy between the magnitude of the reflected spectrum and its
sinc approximation, as is present in the example shown in Fig. 3,
nor a possible offset in the spectrum will affect the estimation

4Here the threshold level was set at 1 percent of the peak amplitude (20 dB
difference in the amplitude).
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of ᾱ. In addition, even when the first M − 1 exponential terms
in (11) cannot be completely neglected, making the approxima-
tion (13) less accurate, this will not have a significant impact on
the estimation of ᾱ since the exponentials give low correlation
with the sinc function (they have different oscillating frequen-
cies), making the proposed method robust against inaccuracies
in (14). Also, this method is not subject to any additional spectral
noise or errors compared with conventional FBG interrogation
methods, and due to the filtering properties of the correlation
function, it is robust against amplitude noise as well. It is worth
mentioning that the proposed mean strain estimation method
uses the information in the side-lobes of the reflected spectra,
therefore, FBG sensors whose side-lobes are suppressed and
have really small amplitudes (such as Gaussian or raised-cosine
apodized FBG sensors) will not perform well with our methods.

B. Practical Considerations

In practical scenarios the output of the FBG sensor is
obtained using an interrogator. As a consequence, the data
available for processing are samples of the reflected spectra,
uniformly spaced in the λ-domain. Instead of performing
the processing in the α-domain, which would require a
non-uniform re-sampling of the data, we could equally well
perform the correlation in the wavelength domain directly. To
see this, let λ = λ̄B + Δλ > λth , and assume that |Δλ| � λ̄B .
This assumption is generally met in practice since |Δλ| is
in the order of a few nanometers, which is three orders of
magnitude smaller than λ̄B . Moreover, let ρ = 2πneff Δz. As a
consequence, the α as defined in (6), can be rewritten as

α =
ρ

λ̄B + Δλ

(a)≈ ρ

λ̄B

(

1 − Δλ

λ̄B

)

(b)≈ ᾱ − ρ

λ̄2
B

Δλ,

where (a) is a first-order Taylor series approximation of α and
(b) follows from (12). Hence, a linear change of the wavelength
manifests itself as a linear change in α, and as a consequence,
uniform sampling of λ will result in uniform sampling of α and
vice versa, assuming |Δλ| � λ̄B .

Although the above introduced method for retrieving λ̄ will
work for computer simulations, due to the presence of birefrin-
gence effects and other unwanted artefacts on real FBG mea-
surements like non-longitudinal strains, the algorithm might
lead to unwanted maxima in the cross-correlation function and
therefore to incorrect phase retrieval. To overcome this prob-
lem in practical scenarios, we introduce a slight modification to
the above proposed algorithm. Instead of computing the cross-
correlation between the reflected spectrum and the sinc function
directly, we first align the two reflected spectra (recorded before
and after applying the strain) based on their centre of mass [20]

λBc
=

∫
λ
λR(λ)dλ

∫
λ
R(λ)dλ

(15)

Algorithm 1: Mean Strain Estimation.
1: Align the centre of mass of the reflected spectra of the

FBG sensor measured with and without applying a
(non-uniform) strain, thereby defining ΔλBc

.
2: Maximise the cross-correlation of the side lobes of both

measurements over a small interval with a typical value
of 1 nm around λ̃ = λB + ΔλBc

, resulting in an
additional phase shift δλB .

3: Calculate the required phase shift
λ̄B − λB = ΔλBc

+ δλB .
4: Calculate the mean strain using (2).

where λ is the wavelength region that covers the reflection
spectrum. This shift, ΔλBc

, can be used to find a rough estimate
of λ̄, say λ̃ = λB + ΔλBc

.
After this, we calculate the final phase shift by maximising

the cross-correlation of the side lobes of both observations over
a small interval around λ̃, resulting in an additional phase shift
δλB . Experiments have shown that this modification results in
more robust mean strain estimates and is illustrated in Fig. 4(a)
and 4(b). The modified algorithm is summarised in Algorithm 1.
Note that, as mentioned in the introduction, existing algorithms
for estimating the mean strain value are based on the shift of
the peak wavelength. That is, they estimate the mean strain
value based on ΔλB . In that sense, we could interpret δλB as an
error compensating term for methods based on peak wavelength
alignment.

V. EXPERIMENTAL RESULTS

In this section, we will present experimental results for non-
uniform strain distributions on FBG sensors, obtained by both
computer simulations and experimental FBG measurements.

In the first experiment, which is a computer simulation, the
strain distribution of Fig. 2(a) is applied over the length of the
sensor, resulting in the FBG reflected spectrum of Fig. 2(b),
where we chose M = 500. In order to create a more realistic
experiment, the sensor was assumed to have random fluctuations
on the magnitude of the refractive index change, which results
in random variations of the coupling coefficient along the length
of the sensor, and eventually, in emergence of unwanted lower
frequency harmonics on the side-lobes of the FBG reflection
spectra. Following the steps outlined in Algorithm 1, we first
align the reflected spectra with respect to their centre of mass,
as shown in Fig. 4(a), and measure the shift ΔλBc

. In the ex-
ample at hand, this shift is given by ΔλBc

= 296 pm. The next
step is then to shift the reflected spectrum such that the cross-
correlation of the side lobes is maximised, as shown in Fig. 4(b),
resulting in an additional phase shift of δλB = +12 pm. Af-
ter computing the final phase shift as ΔλBc

+ δλB = 308 pm
(step 3 of Algorithm 1), the mean strain is computed using
(2), resulting in s̄ = 254.7 με. It can be seen that the resulting
estimation for the mean strain over the length of the sensor
is quite close to the actual mean strain (253.5 με), where the
proposed algorithm compensates for an error of around 30 με
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Fig. 4. The FBG reflected spectra of the unstrained sensor (blue) and the strained sensor (red) where (a) shows both spectra aligned with respect to their centre
of mass and (b) with respect to maximising the cross-correlation of the side peaks.

as compared to traditional strain measurement algorithms, see
Section IV.

In the second experiment, which is another computer simu-
lation, we investigate the performance of the algorithm when a
non-uniform strain distribution is applied on a linearly chirped
fibre Bragg grating (LCFBG) sensor. The designed sensor, again
containing refractive index fluctuations, has a grating distribu-
tion with dλB

dz = 2.5 nm/cm, and a length of 1 cm. The strain
distribution applied over the length of the sensor is shown in
Fig. 5(a). The mean strain value in this experiment is 93 με, but
the traditional strain estimation algorithm in LCFBGs which is
solely based on the shift of the centre of mass of the stressed and
unstressed signals, show a wavelength shift of around 42.6 pm or
a strain estimation of 35 με. Using our algorithm, the compen-
sating shift that results from maximising the cross correlation of
the side-lobes was δλB = +72 pm, which accounts for a mean
strain error of 59.5 με. The final mean strain estimation based
on our algorithm is therefore, 94.5 με. Fig. 5(b) shows the re-
flected spectra of the stressed and unstressed LCFBG after the
compensating shift. Note the synchronised side-lobes of the two
reflected spectra.

In the third experiment, the proposed method will be eval-
uated using experimental FBG measurements in a controlled
laboratory environment. The FBG sensors used in this study
are the LBL-1550-125 draw tower grating (DTG) type sensors
(FBGS International NV). The length of the sensors are 10 mm,
with a nominal Bragg wavelength of 1550.08 nm and maxi-
mum reflectivity level of about 10%. Although the algorithm
would work at its best in sensors with higher reflectivity lev-
els, we have two reasons for choosing DTG sensors with such
low reflectivity levels in our experiments. The first reason is
that DTG sensors have a much higher tensile strength com-
pared to FBG sensors that are produced using traditional strip
and recoating methods. They can easily endure static strains of
more than 10000 με which can commonly occur in practical
applications. The second reason is to show that our algorithm
can equally well perform, even at such low reflectivity levels,

provided that the sensor is interrogated with a high dynamic
range interrogator.

Since the information in the side lobes of the reflected spectra
plays a significant role in this study, a high dynamic range
interrogator based on a fibre Fabry-Perot tunable filter (FFP-TF)
from Micro Optics was used to record the output of the sensors.
The PXIe-4844 FBG interrogator from National Instruments,
which has a dynamic range of 40 dB and a wavelength accuracy
of 4 pm, was used to interrogate the sensors. The wavelength
range for this device ranges from 1510 nm to 1590 nm.

In order to validate the results, we used both electrical strain
gauge measurements and results obtained by finite element mod-
elling (FEM) as reference strain measurements. For the strain
gauge measurements, an array of 10 miniature strain gauges
with a pitch of 1 mm (HBM 1-KY11-1/120), spatial resolution
of 1 mm, and nominal strain accuracy of less than 5 με was used.
The data acquisition of the analogue output of the strain gauges
was performed using the NI-9219 universal analogue input mod-
ules from National Instruments. The data acquisition was carried
out using the National Instruments LabVIEW software, and the
signal processing and conditioning was performed in MATLAB
R2016b. To avoid unwanted artefacts and complications associ-
ated with finite element modelling, the test setup was designed
as simply as possible by using specimens with isotropic prop-
erties and subjecting them to a static three point flexural test.
The FBG sensor was surface mounted to a piece of 6082 alu-
minium alloy with dimensions 200 mm × 35 mm × 2 mm, and
the strain gauge array was pasted on the specimen in a symmet-
rical position with respect to the FBG. Fig. 6 a and 6 b depict the
configuration of this setup. To induce the desired strain field, the
specimen was placed in a 10 kN tensile machine, with a force
of 150 N applied on the loading pin (see Fig. 6(c)). The finite
element modelling of the specimen under such force is shown in
Fig. 6(d) in which the element size was set to 1 mm, equal to the
spatial resolution of the strain gauges. Note that both sensors are
adhered to the specimen on the opposite to the contact surface
of the loading pin.
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Fig. 5. (a) A polynomial type strain distribution, applied over the length of the LCFBG sensor. (b) The unstressed and stressed LCFBG reflected spectra are
aligned with respect to maximising the correlation of their side peaks.

Fig. 6. (a) A schematic design of the specimen and the location of the sensors. (b) The test specimen (bottom view) with the surface mounted strain gauge and
the FBG. (c) The test specimen under load, while the signals were being recorded. (d) Finite element modelling of the specimen under a similar load.

Based on the FEM analysis and the recordings of the strain
gauges, the strain distributions shown in Fig. 7(a) were ob-
tained. The mean strain value of the FEM was 3291 με, whereas
the recordings of the electrical strain gauges showed a mean
strain value of 3294 με. In order to estimate the mean strain
with the proposed method, we again follow the steps outlined
in Algorithm 1. That is, we first align the centre of masses
of the reflected spectra of the unstrained and strained sen-
sor, resulting in a wavelength shift of ΔλBc

= 3.932 nm, after
which we maximise the cross-correlation of the side lobes, as

shown in Fig. 7(b), resulting in an additional wavelength shift
of δλB = +56 pm. With this, the resulting mean strain esti-
mate becomes s̄ = (3932 + 56)/ks = 3298 με. Note that clas-
sical methods would estimate the mean strain value from (1)
resulting in s̄ = ΔλB /ks = 3328 με. Furthermore, we applied
different force loads on the loading pin of the same experi-
mental setup, in which we started from 10 N and then linearly
increased the force to 150 N with increments of 10 N. The results
of the compensated mean strain estimation using our algorithm,
and the mean strain values based on the shift of the Bragg
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Fig. 7. (a) The strain distributions recorded from the strain gauges (in blue) and calculated with FEM (in red). (b) The primary and secondary FBG reflected
spectra are aligned with respect to maximising the correlation of their side peaks.

Fig. 8. (a) Strain estimation using the traditional strain measurement method (red), and the compensated mean strain values based on our algorithm (blue).
(b) The mean strain error associated with uncompensated mean strain estimations.

wavelength are presented in Fig. 8, and the compensated mean
strain values are in accordance with the data from the electrical
strain gauges. It is noteworthy that as the applied force increases,
the error associated with the traditional strain estimation method
increases too, which is due to further deviating from a uniform
strain field.

VI. CONCLUSIONS

In this paper, we focussed on estimating the mean strain value
in the case of smoothly varying non-uniform strain distributions.
We proposed a new algorithm that accurately estimates the mean
strain value and showed that this shift is related to the average
shift of the peak wavelength along the length of the sensor. In
order to find this average shift, we introduced an approximation
of the well known transfer matrix model and we showed that
the information we need can be found by inspection of the side
lobes of the reflected spectra. That is, the maximum likelihood

estimator of the mean strain is obtained by cross-correlating the
side lobes of the reflected spectra of the strained and unstrained
sensor. In order to overcome possible estimation problems in
practical scenarios, we proposed an alternative two step algo-
rithm where we first measure the Bragg wavelength shift as is
done in traditional strain estimation algorithms, and then refine
the estimate by cross-correlating the side lobes of both spectra
over a small range around the shifted Bragg wavelength. We
validated the algorithm using both computer simulations and
experimental FBG measurements and showed that the newly
proposed algorithm clearly outperforms state-of-the-art strain
estimation algorithms by compensating for mean strain errors
of around 60 με. However, in case of non-smooth strain distribu-
tions with high variations, and also under extreme birefringence
effects, the cross correlation function could lead to local maxima
and an incorrect mean Bragg wavelength retrieval. Developing a
more robust technique for retrieving the mean Bragg wavelength
should be the focus of future studies.
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APPENDIX A
PROOF OF LEMMA 1

(1) By definition, we have

ᾱ =
1
M

M∑

i=1

αi

= 2πneff Δz
1
M

M∑

i=1

1
λBi

= 2πneff Δz
1
M

M∑

i=1

1
λ̄B + Δi

.

Taylor series expansion of the terms in the summation
yields

1
λ̄B + Δi

=
1

λ̄B

(
1 + Δ i

λ̄B

)

=
1

λ̄B

(

1 − Δi

λ̄B
+ O

((
Δi

λ̄B

)2
))

,

so that

ᾱ =
2πneff Δz

λ̄B
+ O

(
Δ2

λ̄3
B

)

,

since

1
M

M∑

i=1

Δi =
1
M

M∑

i=1

(λBi
− λ̄B ) = 0.

(2) Let k ∈ {1,M}. We have

ξi − ξi+1

ξk
=

(α − αi)−1 − (α − αi+1)−1

(α − αk )−1 ,

for i = 1, . . . , M − 1. Since

(α − αi)−1 =
λλi

λi − λ
,

we conclude that

ξi − ξi+1

ξk
=

(λk − λ)λ
λk (λi − λ)(λi+1 − λ)

(λi+1 − λi).

Let Δmax = maxi |Δi | and let |λ − λ̄B | = Δλ > λth
so that Δλ − Δmax < |λi − λ| < Δλ + Δmax for i =
1, . . . , M . With this, we have
∣
∣
∣
∣
ξi − ξi+1

ξk

∣
∣
∣
∣ ≤

Δλ + Δmax

(Δλ − Δmax)2

λ̄B + Δλ

λ̄B − Δmax
|λi+1 − λi |,

so that |ξi − ξi+1 | � |ξk | if

|λi+1 − λi | � (Δλ − Δmax)2

Δλ + Δmax

λ̄B − Δmax

λ̄B + Δλ
< Δλ.

Since λth is the infimum of Δλ, the condition |λi+1 −
λi | � λth is a sufficient condition for |ξi − ξi+1 | � |ξk |.
This completes the proof.
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