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received signal

yi = xi + vi

target signal

i

Beamformer output:

wHy = wHx+ wHv

where y = (y1, . . . , yM )T

target signal s
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Given a source of sound and a receiving position in a room a mathe-
matical description of all possible sound paths from the source to the
receiver, which includes the reflections due to the walls, floor, ceiling
and other obstacles, is given by what is called the room impulse re-
sponse (RIR).

If the source is modeled as a point in space and emits an impulse, i.e. a
mathematical idealisation of an explosive, very short in time and loud
sound, then what is measured at the receiver (e.g. a microphone) is
the RIR.
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The acoustical phenomena (of interest in room acoustics) that is im-

plicitly carried by the RIR can be classified into the following categories:

• Specular reflections. Here the sound reflects in a specular way,

following a simple geometric law.

• Di↵use reflections. The sound is reflected in a scattered, not

necessarily homogeneous, way.

• Absorption and refraction. When a sound wave encounters a

boundary part, energy will be absorbed, and/or the angle of

incidence at the boundaries changes (refraction, Snell’s law).

• Di↵raction. It is caused by scattering e↵ects that occur in some

situations when sound waves encounter an obstacle.

<latexit sha1_base64="on4D9H7m0HobfnzYunftOHSwlec="></latexit>
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1. Preamble

Surface normal
ϑ
ϑ′

(a) Specular reflection (b) Semi-diffuse reflection

ϑ′

Intensity at r0 is

r0

independent of ϑ for all ϑ′

Surface normal
ϑ

(c) Totally diffuse reflection

Figure 1.1: Specular and diffuse reflection.

mogeneous, way. Perfectly diffuse reflection occurs when the directional dis-

tribution of the scattered energy is independent of the direction of incident

sound. Totally diffuse reflection in acoustics is described by Lambert’s cosine

law [15, 19].

• Diffraction. It is caused by scattering effects that occur in some situations when

sound waves encounter an obstacle [16]. The phenomenon is described as the

apparent “bending” of the sound field around small obstacles, or the spreading

of the sound field around edges of large objects or when passing through small

openings [18].

• Absorption, transmission and refraction. When a sound wave encounters a

boundary part of the energy gets reflected and other part get transmitted through

to the other side of the boundary [16, 17]. When the “outer” side of the bound-

ary is not part of the domain of interest the energy that gets transmitted can be

seen as lost and therefore totally characterized by an absoption factor. Trans-

mission from a fluid (like air) to a solid (like a wall) involves not only lon-

gitudinal waves (like in air), but also shear (transverse) waves [17]. From a

solid to a fluid, however, only longitudinal waves get transmitted since shear

waves cannot exist in fluids [17]. The characterization of a transmitted sound

wave through a finite body (fluid-solid-fluid transmission) can be thus given

in terms of absorption and refraction (i.e. changing of the angle of incidence

at the boundaries) [17, 16]. In practice, the air also absorbs part of the sound

energy.

6
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The room impulse response

Incident wave fronts

Obstacle

Diffraction

(a) Diffraction phenomena

β0

β1

ϑ1

ϑ0

Air absorption

Surface absorption

Refraction

(b) Transmitted wave. Absorption and refraction

Figure 1.2: Other phenomena of sound dynamics.

If we are to obtain a RIR, then per definition the sound emitted by the source is an

impulse that expands spherically in time. The sound is modified by the different

acoustic phenomena present along a given path until it reaches the receiver. The

RIR is thus a signal made up of all possible (modified) copies of the impulse that

arrive at the receiver after traveling their corresponding paths. In Fig. 1.3 a simple

reflection example with two paths is given. One of the paths shown corresponds to

the direct sound path (solid line), which is the shortest possible path and therefore the

first copy of the pulse to arrive at the receiver (if it is not occluded by any objects).

The contribution to the RIR of this path is also marked in Fig. 1.4. Another path

is depicted (dashed line) which corresponds to a specular reflection on two walls

(hereby a second order reflection), the contribution of this path is part of what is

called the early reflections. In Fig. 1.4 an example of a recorded RIR is given. As

it is seen the RIR is divided into components or parts, representing the contributions

of the arriving pulses at different time frames. These components represent different

aspects of the acoustic perception at the receiver, the distinction is therefore important

in many applications. The exact number of RIR subdivisions and the time frames

associated with them can vary according to the application. Some authors agree that

exact time boundaries are not defendable [20, 4] and that overlap between zones

must be allowed. The subdivision model given in Fig. 1.4 is described as follows.

Perceptually the direct path is the main carrier of the information content of the

source. Early reflections arriving first, normally between 0 and 20 ms after the direct

path, enhance the direct sound by the human hearing mechanism [21, 7], together

with the direct path they contribute to the intelligibility and definition of speech and

7
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The sound is modified by the di↵erent acoustic phenomena present
along a given path until it reaches the receiver.

The RIR is thus a signal made up of all possible (modified) copies of the
impulse that arrive at the receiver after traveling their corresponding
paths

1. Preamble

Direct path

Second order reflection path

Figure 1.3: A reflection example with two paths.

the clarity of music (see e.g. [22, 23] for the technical description of clarity and

definition). Early reflections arriving in a time window between 20 ms and 50 ms

after the direct path can contribute to good perceptual music conditions, for example,

the spaciousness, loudness and clarity in a concert hall. Reflections arriving later

than 100 ms after the direct path create a diffuse reverberant effect, the so-called

late reverberation zone. In specialized enclosures, such as in a concert hall, these

contributions can determine qualifications such as the warmth and brilliance of music,

but in non-acoustically specialized enclosures, such as a swimming bath, this late

reverberation field can be very detrimental for speech intelligibility. The acoustic

events in a room, under some assumptions, can be mathematically idealized as to be

linear and time-invariant (LTI) [15, 16, 24]. Under this mathematical model if the

source emits an arbitrary sound, the sound as it would be measured at the receiver

can be calculated directly by convolution of the RIR and the source signal. In digital

signal processing the convolution is an operation that can be performed efficiently

via the fast Fourier transform (FFT) [13, 14, 25–27], and thus the RIR constitutes a

powerful signal processing model that characterizes the acoustic properties of a room.

Since it is generated by many different acoustic phenomena the RIR depends on

many factors, such as the geometry of the the room, the acoustic characteristics of

the walls, the positions of the source and the receiver, objects present in the room and

even the temperature and humidity levels of the air [15, 16]. An accurate estimation

(modeling) of the RIR even for only one pair of source and receiver positions is in

general a computationally expensive task [15]. Today the computational complexity

of the fastest algorithms is still an issue (see Chapter. 2), especially if the goal is

implementation in next-generation telecommunication technologies where real-time

8
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The room impulse response
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Figure 1.4: Recorded room impulse response (RIR).

processing under the assumption of massive amounts of input/output channel config-

urations is a must.

Following the approach used in physics-acoustics [16, 17, 28], and more recently

in signal processing [24, 29], in this thesis instead of looking at the RIR as a particu-

lar function per source and receiver position, the RIR is seen as a global space-time

function that characterizes the physics of sound propagation at any point inside the

room, being responsible for the complexity and richness of its sound field. Mathe-

matically this spatio-temporal RIR model is known as Green’s function [15, 16, 7]

(the fundamental solution of the wave equation [30]). In this thesis it is shown that

this approach leads to a highly scalable theoretical framework, based on fast multidi-

mensional Fourier techniques, to simultaneously model multichannel RIRs (i.e. the

RIR at many spatial positions) with low computational complexity.

The details of the framework proposed in this thesis are given in Part. II. Before,

a summary of contributions is given next, and a general overview of current RIR

simulation approaches is given in the next chapter.

9
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Early reflections arriving in a time window between 20 ms and 100 ms

after the direct path can contribute to the intelligibility and definition

of speech and the clarity of music.

Reflections arriving later than 100 ms after the direct path create a

di↵use reverberant e↵ect, the so-called late reverberation zone, which
contributes, for example in concert halls, to the warmth and brilliance

of music. However, in non-acoustically specialised enclosures, such as

a swimming bath, this late reverberation field can be very detrimental

for speech intelligibility.
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The acoustic events in a room, under some assumptions, can be math-
ematically idealised as to be linear and time-invariant (LTI) so that the
sound as it would be measured at the receiver can be calculated di-
rectly by convolution of the RIR and the source signal.

Assume that the target signal, say s, is a point source. Let hm denote
the RIR from the source s to microphone m. In that case, the signal
xm (the noise-free source signal received at the mth microphone) is
given by

xm(n) = (hm ⇤ s) (n), n 2 Z.
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We can equivalently compute the e↵ect of the RIR in the frequency
domain, where we have that

x̂m(!) =
⇣
ĥm · ŝ

⌘
(!), ! 2 [0, 2⇡),

and ·̂ denotes (temporal) Fourier transformation. The function ĥm(!)
is called the acoustic transfer function (ATF) from the source to the
mth microphone and is the temporal-frequency domain representation
of the RIR.
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h(n)

ĥ(f)

f (Hz)

n

RIR

ATF
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Given a fixed frequency !, we can collect all M microphone signals
x̂m(!) in a vector x̂(!) = (x̂1(!), . . . , x̂M (!))T 2 CM , so that

x̂(!) = d(!)ŝ(!),

where d(!) = (ĥ1(!), . . . , ĥM (!))T 2 CM . The vector d is called the
steering vector. Note that d is frequency dependent!
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In many applications, we are only interested in the relative acoustic
transfer function, which is the normalised ATF with respect to a ref-
erence microphone, which we will assume to be microphone 1.

The relative acoustic transfer function is given by

d0(!) = (1, ĥ2(!)/ĥ1(!), . . . , ĥM (!)/ĥ1(!))
T

In the case of a far field scenario, we have |ĥm(!)| = |ĥ1(!)| for all
m, so that

d0 = (1, ej⌧2 , . . . , ej⌧M ),

where ⌧m(!) = \ĥm(!)� \ĥ1(!), the phase di↵erence between mi-
crophone m and the reference microphone.
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We will consider the received signals y, x, v and s as realisations of zero
mean, wide-sense stationary processes Y,X, V , and S, respectively.
We have

Y = X + V.

In addition, we will assume that X and V are mutually uncorrelated.
That is, we have

E(XV
H) = O,

so that
E(Y Y

H) = E(XX
H) + E(V V

H),

or, equivalently,
RY = RX +RV .

<latexit sha1_base64="ZAjIy70cq9YIyOvdQqss27kdUas="></latexit>
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The matrices RY , RX , and RV are the auto-correlation matrices of
the processes Y,X, and V , respectively.

In many cases, we will apply a time-to-frequency (Fourier) transform so
that the processes Y,X, V, and S contain spectral data at a particular
frequency !.

In that case the matrices RY , RX , and RV denote cross-power spectral
density (CPSD) matrices.

In the remaining we will assume that all data is frequency-domain data
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Assume that the target signal s is a point source, so that

x = dx1,

where d 2 CM is the steering vector containing the (relative) acoustic
transfer functions from the source to the microphones. With this, RX

can be expressed as

RX = E(XXH) = �2
X1

ddH ,

where �2
X1

= E|X1|2, the variance of the clean signal as received at
the reference microphone 1.

Note that in this case rank(RX) = 1.

<latexit sha1_base64="/nKf7g2ohbkAEDFvKm/nFUAQQAE="></latexit>
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Beamformers seen so far:

• Delay-and-sum: wDS = ↵d, ↵ = 1/dHd

• MVDR: wMVDR =
R�1

V
d

dHR�1
V

d

• Multi-channel Wiener filter: wMWF = �2
X1

R�1
Y

d

Note that these results only hold for a point (target) source where
RX = �2

X1
ddH .

<latexit sha1_base64="yPdRu6b7PiejuDc+HpXAV8V4LV4="></latexit>
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The beamformers derived so far assume that the (relative) acoustic
transfer function d is known a-priori

• In practice, d is unknown and needs to be estimated

• Estimation errors in d generally lead to severe performance degra-
dation of the beamformer

• When there are multiple sources, the beamformers will be a func-
tion of a general correlation matrix RX

In the following, we will focus on estimating RX and give expressions
for beamformers in terms of a general RX , not necessarily of rank 1

<latexit sha1_base64="lcUYyg2I1sYFi1uLt26Lm4uHyac="></latexit>
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Let A 2 Cn⇥n. A (non-zero) vector x 2 Cn is called and eigenvector
of A if it satisfies the linear equation

Ax = �x

where � 2 C is called the eigenvalue corresponding to x.

The eigenvalues are found by finding the roots of the characteristic
polynomial:

p(�) = det(A� �I) = 0

<latexit sha1_base64="h1Pq+Zxv0zE7jmdmBxAdQy1tX+4="></latexit>
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We can factor p(�) as

p(�) = (�� �1)
n1(�� �2)

n2 · · · (�� �k)
nk

where ni is the algebraic multiplicity of �i and
Pk

i=1 ni = n.

For each �i, we have a specific eigenvalue equation

(A� �iI)x = 0

Hence, we need to find x 2 ker(A� �iI)

<latexit sha1_base64="f0vh8Fbcn+90/LoWBwAexQVhwxY="></latexit>
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There will be 1  mi  ni linearly independent solutions, where
mi = dimker(A � �iI). The integer mi is called the geometric
multiplicity of �i.

A matrix A is diagonalisable if and only if, for every eigenvalue �i, its
geometric and algebraic multiplicities coincide. That is, if and only if
mi = ni for all i = 1, . . . , k

Not all matrices are diagonalisable. For example

A =

✓
1 1
0 1

◆

<latexit sha1_base64="gxH0L46TNP6zKmm8ixA1UyKompw="></latexit>

but A =

✓
1 0
0 0

◆
is

<latexit sha1_base64="b8c9+1zoHisuGJ22xCs//7NOqik="></latexit>
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Without proof we state that if A is Hermitian (AH = A), then it is

diagonalisable.

<latexit sha1_base64="PjWeH8j+UWEwzHvneQ6l8NJUqCI="></latexit>

If there are n linearly independent eigenvectors, we can factorise A as

A = X⇤X�1,

where

⇤ =

0

B@
�1In1

. . .
�kInk

1

CA ,

which is called the eigenvalue decomposition (EVD)

<latexit sha1_base64="UCXkzEcltBb6Uhy6A6eIEXFHob8="></latexit>
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• The eigenvalues are unique:

Since the eigenvalues are the roots of the characteristic polyno-
mial (at most n), they are unique.

Suppose A 2 Cn⇥n has n linearly independent eigenvectors. Then

• The eigenspaces are unique, not the eigenvectors itself:

For each eigenvalue �k (multiplicity nk), there exists an nk-
dimensional subspace Ek of vectors such that

8x 2 Ek : Ax = �kx

This space (ker(A � �kI)) is unique, but not the eigenvectors
since we are free to choose any basis for Ek.

<latexit sha1_base64="54pmku6SmDF32N9jOZ2vJziw9b4="></latexit>
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• A is invertible if and only if 8i : �i 6= 0

A�1 = X⇤�1X�1

• If B = TAT�1 (similarity transform), then A and B share the
same eigenvalues:

B = TAT�1 = T
�
X⇤X�1

�
T�1 = (TX)⇤(TX)�1

and since the eigenvalues are unique, ⇤ is the eigenvalue matrix
of B.

<latexit sha1_base64="7nrrsVdfoWQvJDH4qhfySsVIlo4="></latexit>
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Assume A is Hermitian.

• Every eigenvalue is real:

�kxk2 = �xHx = xHAx = xHAHx = �xHx = �kxk2

• The eigenvectors are mutually orthogonal (X�1 = XH
):

Let x and y be eigenvectors of A corresponding to distinct eigen-

values � and µ, respectively. Then

�yHx = yHAx = yHAHx = µyHx = µyHx

Hence (�� µ)yHx = 0 and thus x ? y.

<latexit sha1_base64="B5F8nZcHU0T7SeeSclqLNfUmuaQ="></latexit>
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If, in addition, A is positive semi-definite (xHAx � 0 for all x 2 Cn),
then

• Every eigenvalue is nonnegative:

�kxk2 = �xHx = xHAx � 0 ) � � 0

If A is unitary (AAH = AHA = I), then

• Every eigenvalue has magnitude 1:

kxk2 = xHx = xHAHAx = kAxk2 = |�|2kxk2 ) |�| = 1

<latexit sha1_base64="bZJy6oACV7gb/4nIMMIfaEXQQOA="></latexit>
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Since RX = E(XXH) is Hermitian and positive semi-definite, there

exists a unitary matrix U = (u1, . . . , uM ), ui 2 CM
, such that the

eigenvalue decomposition (EVD) of RX is given by

RX = U⇤U�1 = U⇤UH ,

where ⇤ = diag(�1, . . . ,�M ), �i � 0 for all i.

Suppose that V is a spatially white (uncorrelated) process with co-

variance matrix

RV = �2
V
IM ,

where IM denotes the indentity operator (matrix) in CM
.

<latexit sha1_base64="gQkkySxXe5cnKxFUTUk5uQBVAJg="></latexit>



Circuits and Systems group

Eigenvalue decomposition

May 25, 2020 30

The covariance matrix of the noisy process Y = X + V is then given
by

RY = RX + �2
V
IM

= U⇤UH + �2
V
IM

= U⇤UH + �2
V
UUH

= U(⇤+ �2
V
IM )UH

which is the eigenvalue decomposition of RY .

<latexit sha1_base64="CppLY1gvFdp2Fl5RukPHor8sCp4="></latexit>
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Conclusions:

• RX (which is not available) and RY (which we can estimate
from the observed data) share the same eigenvectors

• Adding (spatially uncorrelated) noise to the desired speech data
only a↵ects the eigenvalues of RX
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Let us assume that rank(RX) = r < M . We can partition RY as

RY =
�
U1 U2

�
 

⇤1 + �
2
V
Ir O

O �
2
V
IM�r

! 
U

H

1

U
H

2

!
,

where U1 2 CM⇥r
, U2 2 CM⇥(M�r) and ⇤1 2 Cr⇥r.

Since RY = U1(⇤1 + �
2
V
Ir)UH

1 + �
2
V
U2U

H

2 , we conclude that the
eigenvectors u1, . . . , ur span the speech (+ noise) subspace, whereas
ur+1, . . . , uM span the noise only subspace.

Since U is unitary, we have U
H

1 U2 = O (orthogonal subspaces).

<latexit sha1_base64="Axpu0k0ojyhhWEo1kt80vHtMWR0="></latexit>
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U1U2

(noise-only subspace) (speech + noise subspace)

<latexit sha1_base64="fb6PidPlTRdMjEk/qkNciNWwf/0="></latexit>
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Despite the fact that we do not know what the signal subspace is a
priori (RX is unknown), we can compute (estimate) RX from the EVD
of RY .

Least-squares estimate is obtained by approximating RX by

R̂X = arg min
rank(P )=r

kRY � Pk2
F

The solution is a classical result and follows by truncating the M � r
smallest eigenvalues. That is,

R̂X = U1(⇤1 + �2
V
Ir)U

H

1

<latexit sha1_base64="u7A5eYJ5OufSvToosrcSGvVIauw="></latexit>
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Since the last M � r eigenvalues are given by �2
V
, we can even do

better by subtracting �2
V

from the largest r eigenvalues (results in a
minimum variance estimator). That is,

R̂X = U1⇤1U
H

1
<latexit sha1_base64="EaSDBZR4mpYn9sHgfaaxZvMyfxY="></latexit>

Note that in practice we have to estimate U and ⇤ (and thus U1

and ⇤1) from the noisy observations and for that reason the resulting
estimator is not identical to RX although the above equation suggests
so.

<latexit sha1_base64="idjYbQPldrRa1D9yXRLP637nkdk="></latexit>
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If the noise process V is not white (RV 6= ↵IM for some ↵ > 0), we
can pre-whiten the data, assuming that RV � 0 (positive definite)

Since RV is Hermitian and positive definite, we have

RV = U⇤UH = U⇤
1
2⇤

1
2UH = (U⇤

1
2UH)(U⇤

1
2UH) = R

1
2
V
R

1
2
V

where R
1
2
V

is the (unique) Hermitian square root of RV .

Consider the transformed process Ṽ = R
� 1

2
V

V . The process Ṽ is

spatially white:

R
Ṽ
= E(Ṽ Ṽ H) = R

� 1
2

V
E(V V H)R

� 1
2

V
= IM

<latexit sha1_base64="hhm8rB7NJW0LGDKvv6P4Hu+WF8I="></latexit>
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Next consider the transformed process Ỹ = R
� 1

2
V

Y . Since this trans-

formation transforms the original noise process into a spatially uncor-

related one, we have

R
Ỹ
= E(Ỹ Ỹ H) = R

� 1
2

V
E(Y Y H)R

� 1
2

V
= R

� 1
2

V
RXR

� 1
2

V
+ IM .

Hence, we can apply the same techniques as discussed previously to

the transformed process Ỹ and de-whiten the result thus obtained.

<latexit sha1_base64="uR7h2ui5go9FmfJKE4i8NtZ3qMk="></latexit>
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Estimation of RX :

1. Compute R
1
2
V

and pre-whiten the data: Ỹ = R
� 1

2
V

Y

2. Compute the EVD R
Ỹ
= Ũ

⇣
⇤̃+ IM

⌘
ŨH , truncate the M � r

smallest eigenvalues and reduce the remaining ones by one

3. Estimate R̂
X̃

= Ũ1⇤̃1ŨH

1

4. De-whiten the result thus obtained so that

R̂X = R
1
2
V
Ũ1⇤̃1Ũ

H

1 R
1
2
V

<latexit sha1_base64="67aqer1lmhzQ/2pIxRRcp5ce6TM="></latexit>
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Generalised eigenvalue decomposition

Remarks:

• The explicit use of R
1
2
V may result in a loss of accuracy in the

data

• Can be avoided by working directly with RY and RV

• In addition, when RV and/or RX are updated in a recursive way,
it is generally very complicated to update RỸ

Solution is given by the generalised eigenvalue decomposition

<latexit sha1_base64="M95/IX7cVZgh+PHfmXFa0txkrEc="></latexit>
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Given the Hermitian matrices A,B 2 Cn⇥n
with B � 0, there exists

a non-singular U =(u1, . . . , un), ui 2 Cn
, such that

UHAU = diag(a1, . . . , an) and UHBU = diag(b1, . . . , bn).

Hence, we have BU = U�H⇤B so that

AU = U�H⇤A = U�H⇤B⇤
�1
B

⇤A = BU⇤

That is, Aui = �iBui for i = 1, . . . , n where �i = ai/bi.

This decomposition is known as the generalised eigenvalue decompo-
sition (GEVD).
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Generalised eigenvalue decomposition

Again, since RY = RX +RV , we have

UURY U = ⇤+ IM , RY = U�H(⇤+ IM )U�1

Note that the matrix R�1
V

RX is not Hermitian, and as such U�1 6=
UH

.

However, since R�1
V

RX = R�1/2
V

SR1/2
V

with S = R�1/2
V

RXR�1/2
V

is Hermitian and positive semi-definite, we conclude that R�1
V

RX is

similar to a Hermitian positive semi-definite matrix and, therefore, has

(real) nonnegative eigenvalues.
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Generalised eigenvalue decomposition

Let Q = U�H = (q1, . . . , qM ), qi 2 CM . With this we can express
RY as

RY = Q(⇤+ IM )QH

<latexit sha1_base64="KQTc8yZaIZleiIEqtV9LHVbs2/o="></latexit>

Again, if we assume that rank(RX) = r < M , we can partition RY

as

RY =
�
Q1 Q2

�
 

⇤1 + Ir O

O IM�r

! 
Q

H

1

Q
H

2

!
,

where Q1 2 CM⇥r and Q2 2 CM⇥(M�r).
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Geometric interpretation

U1

U2

Q2 Q1

(noise-only subspace) (speech + noise subspace)
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Similar to what we did before, we can compute (estimate) RX from
the GEVD of RY as

R̂X = Q1(⇤1 + Ir)Q
H

1

or, by reducing the remaining eigenvalues by one,

R̂X = Q1⇤1Q
H

1

<latexit sha1_base64="6E4wpEmUCv1g5Dpxlzesy3aProU="></latexit>



Circuits and Systems group

May 25, 2020 46

GEVD versus pre-whitening

EVD of RỸ
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We have RY = Q(⇤+ IM )QH so that

R
Ỹ
= R

� 1
2

V
RY R

� 1
2

V
= R

� 1
2

V
Q(⇤+ IM )QHR

� 1
2

V
= Ũ(⇤̃+ IM )ŨH

from which we conclude that ⇤̃ = ⇤ and Ũ = R
� 1

2
V

Q, and thus

Q = R
1
2
V
Ũ .

The approximation of RX obtained by the GEVD is thus given by

R̂X = Q1⇤1Q
H

1 = R
1
2
V
Ũ1⇤̃1Ũ

H

1 R
1
2
V
,

which is identical to the result obtained by pre-whitening.
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Recall that if rank(RX) = r < M , we can express RY as

RY = Q1(⇤1 + Ir)Q
H

1 +Q2Q
H

2

Since the beamformer takes linear combinations of the micro-
phone signals (z = w

H
y), we have that

RZ = w
H
RY w = w

H
Q1(⇤1 + Ir)Q

H

1 w + w
H
Q2Q

H

2 w

Since we know that UH

1 Q1 = Ir and U
H

1 Q2 = O, we expect that
a “good” beamformer can be expressed as a linear combination
of the columns of U1. That is, w = U1a, where a 2 Cr.
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Beamformer performance measures:

• Output signal-to-noise ratio (SNR)

• Means square error (MSE)

• Noise reduction

• Speech distortion

• · · ·
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We can consider the output SNR, given by

SNRout(w) =
E|wHX|2

E|wHV |2 =
wHRXw

wHRV w
.

Note that the SNR is a real-valued function of the complex vector
variable w.
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[1] D.H. Brandwood, “A complex gradient operator and its application in adaptive

array theory ”, IEE Proceedings, vol. 130, no. 1, pp. 11-16, February 1983.
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Taking the derivative of SNRout with respect to w̄, we find that

rw̄ SNRout(v) = RXv � vHRXv

vHRV v
RV v = 0,

where v is a stationary point of SNRout. Hence, we have RXv =
�RV v where v is a generalised eigenvector with corresponding eigen-

value

� =
vHRXv

vHRV v
,

and we conclude that

SNRout(w)  max
v

vHRXv

vHRV v
= �1.
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We conclude that the choice w = u1 results in maximising the output
SNR.

Note that this result is unique up to a scaling. Indeed, if z = ↵u1 for
any ↵ 6= 0, we have

zHRXz

zHRV z
=

wHRXw

wHRV w

which is obvious since the eigenvectors are unique up to an arbitrary
scaling ↵ 6= 0.

In addition, this result is independent of r = rank(RX).
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Consider the mean squared-error (MSE) between the beamformer out-
put and the desired target signal at the reference microphone, which
we will assume, without loss of generality, to be microphone 1.

We have

E|wHY �X1|2 = E|wHX + wHV �X1|2

= E|wHX �X1|2 + E|wHV |2,

where we used the property E(XV H) = 0. The term E|wHX �X1|2
represents the signal distortion, whereas the term E|wHV |2 represents
the residual noise variance
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We can compromise between signal distortion and noise reduction by
defining the constraint optimisation problem

minimise E|wHX �X1|2

subject to E|wHV |2  c,

where 0  c  �2
V1

and �2
V1

the noise variance at the reference micro-
phone before beamforming.
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In order to find the expressions for the di↵erent beamformers, we ex-
press the beamformers weights in terms of the generalised eigenvectors.
That is, we have w = Ua with a 2 CM .

Let e1 = (1, 0, . . . , 0)T 2 CM . With this we have x1 = eH1 x so that
we can express the objective function as

E|wHX �X1|2 = E|wHX � eH1 X|2

= aHUHRXUa+ �2
X1

� 2Re{aHUHRXe1}
= aH⇤a+ �2

X1
� 2Re{aHUHRXe1},

and the feasible set becomes {a 2 CM : aHa  c}.
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Hence,

a⇤ = (⇤+ µIM )�1UHRXe1,

and thus

w⇤ = Ua⇤

= U(⇤+ µIM )�1UHRXe1

where the Lagrange multiplier µ � 0 is chosen such that
1 aHa = c.

1Since the minimum of our minimisation problem is attained on the boundary
of the feasible set {a 2 Cm : aHa  c}, we can replace the inequality constraint
by an equality one.
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As mentioned before, in many applications we have rank(RX) = r <

M and we have RX = Q1⇤1Q
H

1 .

In those cases the optimal filter weights w⇤ become

w
⇤ = U(⇤+ µIM )�1

U
H
Q1⇤1Q

H

1 e1

= U1(⇤1 + µIr)
�1⇤1Q

H

1 e1

since U
H

1 Q1 = Ir and U
H

2 Q1 = O.

We indeed conclude that MMSE optimal beamformers can be ex-
pressed as a linear combination of the columns of U1
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Note that since RX = Q⇤QH and RV = QQH we have

U(⇤+ µIM )�1UH = (U�H(⇤+ µIM )U�1)�1

= (Q(⇤+ µIM )QH)�1

= (RX + µRV )
�1

and we conclude that

w⇤ = (RX + µRV )
�1RXe1.

This solution is referred to as the signal-distortion weighted (SDW)
Wiener filter
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The case µ = 1 gives the classical multi-channel Wiener filter:

wMWF = R�1
Y

RXe1.

In the case we have RX = �2
X1

ddH this reduces to

wMWF = �2
X1

R�1
Y

d.

In fact, the parameter µ can be seen as a trade-o↵ parameter that
controls the signal distortion and noise reduction.
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Ir

<latexit sha1_base64="npmZ+d0oARZWx8z4+HAqbrjHZlE="></latexit>

With this we have

a⇤H⇤1a
⇤ = eH1 Q1⇤1Q

H

1| {z }
RX

e1 = �2
X1

,

and
a⇤HUH

1 RXe1 = eH1 Q1U
H

1 Q1⇤1Q
H

1 e1 = �2
X1

,

so that

E|wHX �X1|2 = a⇤H⇤1a
⇤ + �2

X1
� 2Re{a⇤HUH

1 RXe1} = 0,

and we conclude that the response is distortionless.
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To find an expression for �1, we note that w⇤ is a scaled version of u1

and, therefore, maximises the output SNR:

�1 =
w⇤HRXw⇤

w⇤HRV w⇤

=
dHR�1

V

�
�2
X1

ddH
�
R�1

V
d

dHR�1
V

d

= �2
X1

dHR�1
V

d

and we conclude that

w⇤ =
R�1

V
d

dHR�1
V

d
.
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Recall that in general we have w⇤ = U(⇤+ µIM )�1UHRXe1. Using
the same arguments as before, we have for r = 1 that

w⇤ =
�2
X1

�1 + µ
R�1

V
d

=
�2
X1

�2
X1

dHR�1
V

d+ µ
R�1

V
d

=
�2
X1

�2
X1

+ µ(dHR�1
V

d)�1

R�1
V

d

dHR�1
V

d

which shows that the (SDW) MWF can be implemented as an MVDR
beamformer, followed by a single-channel Wiener filter.
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