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Estimation of a RV

RVs X and Y have the following joint pdf:

[ 6y—x) 0<zx<y<l1
fxy(z,y) = { 0 otherwise

o What is fxy(z|y)

e Give the MMSE estimate Z;(y) of X given Y = y.

e \What is fy|X(y|$)

e Give the MMSE estimate Yy () of Y given X = z.
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Estimation of a RV

RVs X and Y have the following joint pdf:

_J6ly—x) 0<z<y<l1
fxy(z,y) = { 0 otherwise

e What is fX|Y(x’y)?

(o) = 6y~ = ooy — 327]Y = 32, for 0 Sy < 1,
otherwise fy (y) = 0.

6ly—2) _ 204—2) (< o< Y
,y2 — —

fxiy (zly) = { 3

0 otherwise

-]
]
TUDelft



Estimation of a RV

e What is F[X|Y]?

Y9y — Y oyx — 212 2 _9/3237Y
E[X]Y]:/x(ny)dx:/ yx2$dx:[yx 2/:1:]
0 Y 0 Yy Yy 0

y? —2/3y°
y? B
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Estimation of a RV
RVs X and Y have the following joint pdf:

[ 6ly—x) 0<xr<y<l1
fxx(@,y) = { 0 otherwise
e What is fy|x(y|r)
o fx(z)= [l 6(y—x)dy=[3y® —6xy] =36+ 32> So,

Fr (o) = 3—6r+3z? 0<z<1
XW=9 0 otherwise

2(y—z) T S Y S 1

frix(yle) = { e

0 otherwise
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Estimation of a RV

e What is F[Y|X]?

2(y—z) r<y<l1

fyix(ylz) = { 1 =20+

0 otherwise
1 2 1.3
2(y—z) _ [G@GyP==y®) ] _ 3-at3e
Y‘X f Yiz 2x—|—x2dy_ [ 1—2x+a2 . 1—2z+x2
_12-3z—2® _ 1(@4+2)(1-2)® _ 2 , 2
3 1—2z4+22 3 (1—x)? 3 3
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Conditional probability Models

RVs X and Y have pdf

i 0<zr<1,0<y<l1
p— 3 T N ’ B -
fxy(z,y) { 0 otherwise

Let A={Y <1/2}
o P[A]?

i fX,Y|A(CUay)

° fX|A(~’E)?
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Conditional probability Models

o P[A| = fol O1/2 @dydz = 5/12

fxxialmy) _ TP 16048y <] (<< 1/2
fX,Y|A(93,y){ P(A) = 5 <z<1,0<y<1/

0 otherwise
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Conditional probability Models

fxvia(zy) _ retiy _ 16z+8y < r<1 <qy<1/2
fxyialr,y) P(4) 2 ° psrsl0sysl
0 otherwise
1/2 16 1/2
o fxia= [yt dy = [Bay + 32)," = Sa +
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Mid-term Question 2018

Consider the joint PDF

fX,Y(x7y) —

Ae ™ for 0<y<uzx
0 otherwise.

a) Calculate the PDFs fx(x) and fy(y) and use these marginal
PDFs to argue whether or not X and Y are dependent.

b) Calculate the MMSE estimator Y = E[Y|X].
c) Calculate the MMSE estimator X = E[X|Y].
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Mid-term Question 2018

(2 p) a) If x >0 then

fx(x) = / Ae Mdy = zhe
0

otherwise fx(x) = 0. Similarly, if y > 0 then

o

fy(y) = /OO e Mdy = [—e_m] — oY
y

Y

otherwise fy (y) = 0.
RVs X and Y are dependent, as fxy # fx fy.
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Mid-term Question 2018

(2 p) b)
fxv/fx=12 for 0<y<u
0 otherwise.

fY|X(y‘x) = {

- Tl
Y:E[Y|X]:/ y—dy:§.
0 T

S
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Mid-term Question 2018
(2 p) ¢) Calculate the MMSE estimator X = E[X|Y]

fxy/fy = Ae Ae=v) for y <z
fX|Y(CU|y) = .
0 otherwise.
X = E[X|Y] :/ zhe MY dg
Y
1 > 1
= e ([——xe_m] —I—/ —e‘“’daz)
A ’ y A
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Mid-term Question 2018

(2 p) ¢) Or, using the MGF:

AeY?®
d)xey 1
A—s _ -
ds | 7 T
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Bounds on Probabilities

Let R, = 3" . K, with K,,, >0 a RV with E[K,,
<

| =
1. Give the value for n such that P(R,, > 60) %
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Bounds on Probabilities

Let R, =" _, K, with K,,, >0 a RV with E[K,,

1. Give the value for n such that P(R,, > 60)

Using Markov inequality: P(R,, > 60) < £
From this it follows that n < 3

§°|/\ =

How can we say more about P(R, > 60)7 Calculate the PMF.
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From PMF to MGF and back...

Given is a RV K,, with PMF

P 2ke2/kl k=0,1,2,...,
Kn ™ 0 otherwise

1. Calculate the moment generating function ®x (s).

2. Let R, =" _. K,,. What is the MGF ¢y, ?

m=1

3. Determine the PMF Pp, .
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From PMF to MGF and back...

_ 00 2e%)F
1. a) @k, (s) = Y pog e =e QZkIO(’%)
Remember Taylor series for e¥: % = > L

n=0 n!
Thus, ®x (5) = e 2e2¢ = e2(e D

b) Using Table 9.1 p. 295: Pk, (k) is a Poisson distribution
with o = 2, with MGF @ (s) = e®(¢"—1) = ¢2(e"—1),

2) ¢R Hm , 62( e’—1) _ 627’1,(68—1)

3. We know that ¢p, = e2™(¢ =1 This is the MGF of again a
Poisson distributed RV with a = 2n:

(2n)"e 2" /r!l r=0,1,2,...,
otherwise
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Chernoff Bound

m=1

Let Ry, =" _ K, with K, > 0 a RV with E[K,,
<

| =
1. Give the value for n such that P(R,, > 60) %
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Chernoff Bound

Let Ry, =" _ K, with K, > 0 a RV with E[K,,,] = 2.
<

m=1

1. Give the value for n such that P(R, > 60) %

P(R > 60) < min 6_860¢ ( ) min e—5602n(e’—1)

s>0 s>0
d(—s60 + 2n(e® — 1 60
(7560 + 2n(e ))——60—|—2ne =0 = s=log
ds omn
Note: s should be s > 0 = max. value n for which bound is
valid is n = 30.
P(R,, > 60) < ¢ 500¢2n(e"~1) — ¢~ 60log(52) 2n((57)-1) —

s:ﬂog(gg)
o~ 60 log( $2)+60—2n
For n = 3 we get according to Chernoff P(R,, > 60) < 2.8 10737

Using the derived PMF: P(R, > 60) = 1.5 - 10738



