Digital Signal Processing (EE2S31)

Filter realizations: lattice filter structures

m Direct form realizations (recap)
m Realization of allpass filters (Schur recursion)

m Lattice filters
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Discrete time filter structures: direct form (recap)

Recursive filter: direct form no. 1

Realization of a general difference equation (ag = 1)

N M i
y[n] Zzbix[n—i]wLZa,-y[n—i] = H(z) = ;i; _ _ =0 _ B(z)
i=0 i=1

X[n] 71 77— - 1

> y[n]

+

>l — N >l

This is not a minimal structure (M + N delays instead of max(M, N) delays).
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Discrete time filter structures: direct form

Recursive filter: direct form no. 2

Use the commutative property of the convolution: hy; * ho = hy x h;. The two parts

of the system can be swapped.

x| —» R T
am dm—1 am—2 di
1l e ] [-1 1]
vin — N]| vin—1] | v[n]
-1 >l - - - — e
b/\/ bN—l ?bo

o —— y[n]

+

Notice that the delay lines can be merged (they transport the same signal v[n])

]
3 lattice filters June 21, 2018 TUDelft



Discrete time filter structures: direct form

Recursive filter: direct form no. 2 (cont’d)

The resulting filter (minimal and canonical):

x[n] —

m The filter coefficients are directly related to the parameters of the difference equa-

tion.
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Discrete time filter structures

Problems with the direct realization

m Very sensitive to small disturbances (quantization) of the coefficients.
m Hence, selective filters (poles close to the unit circle) easily become unstable.
m Hence, only used in a cascade of 2nd order sections.

m If coarsely quantized, only a few locations for poles close to the unit circle

We will investigate an alternative. It is based on a recursive realization of allpass
filters: not directly but as a ‘lattice’. This is used in selective filters (e.g. frequency

band selectors in mobile phones), and in analog form as microwave strip filters.

We will use the Schur recursion (strongly connected to Delft. . )
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Discrete time filter structures

Allpass functions (recap)

H(z) is an allpass function if |[H(e/¥)| = 1 for all w.

Example: H(z) = z7 1.

Proposition: every rational allpass function with real coefficients is of the form

ay+ay_1z7 o dazML M VAL Az)
14+ a1z 4 -+ ay_1z M 4 qpz=™M A(z) A(2)

H(z) =

Hence, the numerator polynomial is the reverse of the denominator. (For complex

coefficients, the numerator coefficients also should be conjugated.)
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Discrete time filter structures

Allpass filter realization—first order
elementary ladder section

V1 - K2
a[n] > »{ =P >
K —K ll
b[n] - D= }4 >—1 <—|
1— K2
The response is (for K < 1)
—1 —1
6()=2%) _kiq-kry 2 __ Ktz

A(2) 1+ Kz7l 1+ Kz7!
This is the general form of a first order allpass function.

K is called a reflection coefficient (|K| < 1)

Proposition: every (stable causal) rational allpass function can be realized by a

cascade of such sections.
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Discrete time filter structures

Allpass filter realization—2nd order

(1 >

a . > l
Gz(Z)) K> — K> K1 —K1 1
b= (D= }< Z_l | (D= }< Z_l <—|

VI-R: VI-K:

Ko + Gl(Z)Z_l c B K+ >—1
1+ K2Gi(z)z™! 1(2) = 73 Kiz!

GQ(Z)

Ki4+z"1 __1
K2 —I_ 1—{—1K12_1Z

Ki+z71 __
L+ Koz

K2 + Kl(]. + K2)2_1 + Z_2
1+ Ki(1+ Ko)z7l + Koz 72
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Gn(zD

a;— —»—————4'/:>—~Y b’2 ar -1} > S — ~Y
. ____: —-K . ____:
:G,-,_l(Z): Gn(ZD :G,-,_l(Z):
i I K I

8:2-_ _____ <:\:,_. 3’2 by =— = ~

b1<_

Discrete time filter structures

Allpass filter realization—Ilattice section
elementary ladder section elementary lattice section

S e TR 4

el VI-K2 K

The elementary section is an orthogonal matrix (rotation):

b1 K 1— K2 di

b2 1—K2 —K an

The closed-loop response does not change if we divide b, by v/1 — K2 and multiply

a> with it. This results in

1 K 1—K2| |1 ai K 1—K?| |a;

1/v1—K? 1—-K? —-K 1-K?| |4, 1 =K an
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Discrete time filter structures

Allpass filter realization—section using 1 multiplier

Jany by - ]: ffi_ " Jany K /Y\ b’é _______
ai > > > P i b2 ai > | & > y
-K a
Gi(2) | Gr1(2)  Gal2)) Grr(2)
bl -] - p - - - - - - <—:—\—::———: 3’2’ bl - (= - - i
2 1(1+K) K

The number of multiplications can be further reduced by the following transform

(the closed-loop response does not change)

by 1 K 1-—K?| |1 ai K 1— K| |ag
by 1+ K 1 —-K 1/(1+K)| | a5 1+ K —-K ay

Additional advantage: the response is determined by only 1 parameter, and will be

allpass even with quantization. This is a canonical section.
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Discrete time filter structures

Realisation of a stable causal all-pass filter

Given
B(z) av+an-1zt+--4z M

H(z) = A(z) 1+aiz7t+---+ayzN

H(z) is causal stable if all poles of H(z) (the roots of A(z)) are inside the unit circle.

Note:
AZ)=1—piz D1 —poz ) (L—pyz D=14a1z 14 4ayz "

with ay = p1po - - - py. Necessary condition for stability: |ay| < 1.
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Discrete time filter structures

Realization of a stable causal all-pass filter using a lattice filter
Initialisation: Let Ay(z) = A(z) =1+ an1z '+ +aynz V.
We consider the allpass function

z NAn(z™1) . ZN(Z) _an,N + annN-—1Z 4z N
An(z) - An(2) 1+ayiz7t+--+aynz=V

Gn(z) =

Recursion: forn=N,N -1,---,0,
mlet K, =a,, If |K,| > 1, then A,(z) is not stable (and the recursion stops)

m Reduce the degree:

Go(2) =Ko _ An(z) — KnAn(z)  Asa(2)
1 — KnGp(2) B An(z) — K,J\}(z) o An—1(2)

Gho1(z) = z

The degree is reduced because G,(z)— K, has a zero at z = oo which is canceled

by the multiplication with z. Moreover, G,_1(z) is an allpass.

If the recursion does not stop prematurely, then H(z) is stable.
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Discrete time filter structures

Lattice recursion—derivation

- | > > +
—-K
G”(ZD K Gp-1(2)
- - Z—l
B Kn+ Gho1z 1
Gn(Z) 1+ KnGn_lz_l

= Gn(1—|—KnGn_1Z_1) = Kn—|—Gn_1Z_1

& Gp1(GoKpzt=z7Y) = K, -G,

Gnh(z) — K,
1 — KnGnp(2)

= Gn_l(Z) = Z

Gh(z) only is a stable allpass if |K,| < 1 and G,—1(z) is a stable allpass.

]
13 lattice filters June 21, 2018 TUDelft



Discrete time filter structures

Example

03+082 1 +09- 2473
14092 14+08224+032z3

Derive a lattice realization of the allpass filter H(z) =

Recursion:
As(z) 0340827140922+ 273

Ga(z) = =
3(2) As(z) " 1409z 140822+03z7°

m K3 := a3(3) = 0.3. Note: |K3| < 1, necessary for stability

As(z) — 0.3A3(z)  0.5824 +0.7253z71 + 272 Ay(2)
As(z) — 0.3A3(z) 1407253271 +0.5824z72  Ax(2)

m K> = 32(2) — 0.5824 < 1: OK

Ax(z) —0.5824A5(z)  0.45836 +z 1  Ai(z)
Ax(z) — 0.5824A5(z) 1+0.45836z71  A1(2)

m K, =a1(l) =0.45836 < 1: OK

Go(z) =2z

Gi(z) =z

Ai(z) — 0.45836A1(2) .
A1(z) — 0.45836 A (2)
m The recursion stops. We obtained all reflection coefficients, and also know that

Go(z) =z

H(z) was stable.
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Discrete time filter structures

Matrix description of the allpass recursion

Verify that left and right produce the same relations between (a;, b;):

b1 K 1—K2 ai b2 1 1 —K di
by 1 K | |a nl 17K -k 1] |n

Left is a “scattering matrix”, right a “chain matrix”.

The chain matrix plays a role in the reduction of a given allpass in cascade sections

(the "analysis"). It was used implicitely in the lattice recursion, as follows.
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Discrete time filter structures

Matrix interpretation of the lattice recursion

: dn,n + an n—1Z_1‘|‘"'+3n 1Z—n—|—1_|_z—n ’Z\n(z)
m Given G = — : ’ —
n(Z) 1 _|_ 3,7112_1 + st _|_ an,n_lz_n—l—l _|_ an,nz_n An(Z)

We now interprete the recursion (with K, = a, n)

B Gn(2) — Kn  _ 2(An(2) — KnAn(2))
1 — KnGn(2) An(2) — KnAn(2)

Gh-1(z) =

m We know that A,(z)G,(z) = Z,,(z): the response of the filter to an input

x[nl =11l an1, - ann-1.3nm0---1iSy[n] =[a@nnh ann-1,--an1,1,0---].

We will create a system that maps x[n] to y[n]. We start by analysis: reduce x|[n]

and y[n] by creating zeros. We will use the chain matrix.

an,l_Knan,n—l

1 1 —Kp 1 dn,1 *** dnn—1 dnn 1 1_K?2 * 0
— n
_ K2 K
1 Kn _Kn ]. an,n an,n_l te an,]_ 1 O an’n_ll_KZHan’l tte E 1
n

The objective is to zero entry a, ., for this we need K, = a, ,. At the same time, the

last entry in the first row will become zero as well.
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Discrete time filter structures

Matrix interpretation of the lattice recursion

m Next, we can shift the second row to the left (an 'advance’, i.e., multiplication with

z, when viewed as an operator on sequences):
1 1 x -+ % 0 1 * -+ % 0 An—1(2)
z 0 % --- * 1 x -+ % 1 0 An—1(2)

(we can drop the last column with zeros)

m The result is two vectors corresponding to the polynomials

z(An(2) — KnAx(2))
1— K2

An(2) — KpAn(2)

1 K2 An-1(2) =

An_l(Z) =

The ratio of the two polynomials (filter response) is exactly G,_1(z).

m The recursion continues by creating zeros in the second row, until

1 1 0 1 0
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Discrete time filter structures

lllustration of the recursion:

Analysis
1 , I i
1-K2 1-K?
An(Z . & -=| An_l(z>)— & >{ =]
[]_,al,... , an
—K, _ K,
~ _Kn —K]_
A (Z) » | - I | - .
[ans"‘ ,Eg(,ﬁ = >"I/ Z~ N ’L/ z
1-K3 An_1 1—K?
Synthesis
An(2)~] Ailz)l g S -1
—Kn ~Kn-1 —Ki I
G > G )
nN(Z) Kn n 1(2) K,-,_l () Kl
An(2)—— e~ 5 PR o N == T

This is the requested filter: G,(z) maps A,(z) to A,(z), i.e., x[n] to y[n].
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Discrete time filter structures

Lattice filter

m We now want to realize an arbitrary (stable) filter H(z) =

the same, but we also introduce a third series

B(z) <+

which has to be made zero. We do not want to use additional delays.

z[n] = [ bn,x

m We use Z,,(z), l.e., y[n], to zero an entry of z[n]:

1 0 0|1 am
O ]. O an,n an,n_]_
O —Vn 1 bn,]_ bn,2

Hence, we choose v, = b, .

dn n—1

dn.n

bno, -

B(z)
A(z)

, bn,n—l, bn,n]

1 an,]_
dn.n dnn-—1
k %k

. The approach is

This corresponds to the zeroing of the highest coefficient of B(z) — v,A(z)

m Next, in the second row we zero a, , against the first row, as before, and then

shift the second row one notch to the left using an 'advance’ z.

19
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Discrete time filter structures

Analysis:
1 ]
An(2) e i{_K% A5G| I NN E— P—] ~1
—Kn —Kn-1 ceee —Ki

An(2) - -

(P - - '
Vv B,—,_l(Z) V-1 eoocoe W1 &hvo
B, (2)— »%—» —

Synthesis:

An(Z) B An-1(2) I _

—K, ~Kp— —K

Gn(Z) ) K, Kn_i eoooe Ki V1
An(Z) -l $ e - - P D
Avn_l(Z
o000
Vn Vn—1 Vi V Vo
B',-,(Z) ““““ T
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Discrete time filter structures

Example

Derive a lattice filter realization for

23+40z 1 +3622+1.923

H(z) —
(2) = 4709, T 108227 033
We have
A3(z) = 14+09z71408z72+0.3z73
A3(z) = 0340821409272+ 73

B:(z) = 23440z 14362241923

The recursion gives v3 = 1.9, K3 = 0.3, and

Ao(z) = 2D Kafl2) = 1407252727 4 0.582472
3
Ao(2) Z(A3(Zl):§2A3(Z)) — 0.5824 4 0.725277" 1 4 72
3
Bo(z) = Bs(z)—wAs(z) = 1.73+2.48z1+1.8972

Hence v» = 1.89, K> = 0.5824
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Discrete time filter structures

Example (continued)

With v» = 1.89, K> = 0.5824 we obtain

Ai(z) = 2KAl) = 1+40.4583z°1
2
Az) = Z(AQ(Zl):ZEA“Z)) — 0.4583 + 2~
2
Bi(z) = Ba(z)— wAx(z) = 0.6292 + 1.10924z 1

Next v; = 1.10924 and K; = 0.4583,

Ao(z) = A1(Z)1—_f:<1§1(2) — 1
~ z(A1(2)—K1A(z
Jolz) = (As( 3_K% 1(2) .

Bo(z) = Bi(z) —wAi(z) = 0.12083

The last coefficient is vy = 0.12083.

The filter is stable because during the recursion, all |K,| < 1.
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Microstrip filter

RF filters: microstrip and cavity filters

The allpass filter structure is also employed in RF microstrip filters. At the interface
between wire segments of different width, reflections and transmissions occur (the
width ratios determine the reflection coefficients). The overall structure is passive

(ideally lossless). See ET4387 Passive components for microwave systems.

----op-==

“MJJJ__L!_

The structure is also used in models of earth layers (acoustic transmission/reflection

in seismic/geophysic studies of the earth)
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