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Basics of filtering

Recall
y(t) = x(t) = h(t) & Y(Q) = X(Q2) H(Q)
X(9Q) H(Q) Y(Q) = X(Q) H(Q)
0 Q 0 Q 0 Q

In signal processing, x(t) is an input signal, y(t) is an output signal,
and H(Q) the frequency response of a filter.

We consider rational filters, with transfer functions as

_ B(s)  some polynomial

H(s) =

A(s)  another polynomial
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Frequency selective filters

Filter design: find H(s) to satisfy certain specifications, such as

m Flat frequency response in the pass band

m Sufficient suppression in the stop band

low-pass

-

[H(59)] high-pass [H(59)]

Q.

band-pass
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Qe

[H (G| all-pass [H ()]

mlE . e,

Q=0 ey Qe

These ideal filters cannot be realized...
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Frequency selective filters
Example: second-order RCL circuit
This (passive) circuit can generate many second-order rational filters:

+vp(t)— L + Vg(s) — sL

(zero initial conditions)
Vi(s) = Vr(s) + Vi(s) + Vc(s)
Example Voltage across the capacitor:

Vi(s) 1

VC == H f—
)= Zicisrcri (8)= ZicrsrC 11
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Frequency selective filters
The amplitude response is

1
H(Q)]? =
HUDI™ = G —azreyr + @rey
10! R=L=C=1
10° =—_
-~ L=0
101 - .
. \
I
1072 E
-10 dBjdec
e -20 dB/dec
107 ! : !
1072 107 10° 10! 102

€ (rad/s)

This is a second-order lowpass filter.
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Frequency selective filters
Similarly:

m Voltage across the inductor:
s°LC
H) = srcrsre 1

m Voltage across the resistor:
sRC
H =
(s) s2LC+sRC +1

m Voltage across the inductor and capacitor:

s2LC +1
H —
(8)= ZicrsrC 11

What types of filters are these?
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Phasors

Consider a first-order rational transfer function

s—Z

Frequency response:

JQ—z  |JQ—z| i i0—n—s(i0—
H(Q) =2 = J S (£(9=2)-2(j2—p))
@ 2-=p  [jQ-p|
——

[H(Q)]

I ZH(jQ)
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Phasors

Im(s)

AQ)

Jie)
B(Q)
Q) Y(Q)
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Phasors

Example: first-order RC circuit

=
MA
VYWY
o]
MA
VYWY

+ +
v;(t) 95 L Vi(s) c

C 7= L‘(,(t) = AN Vols)

VC(S) 1 (RC)_]‘

Hs) = V(s) “ 15 sRC ~ (RO) T+

m One zero at oo

1

m One pole at — -
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Phasors

R=C=1
12
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This is a first-order lowpass filter. Close to the pole, the response will
peak, and the phase changes quickly. Far away, the response slowly

goes to zero.
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Phasors

More general:

H(s) = bo & brs+ - + bus” _ bm H,’Y’:l(s — )
20 +tas+ o Fans’aw [Ty (s — pi)

Write s = jQ and express the complex-valued factors in polar form as
JQ =z = B jQ — p = A(Q) ()
Frequency response:

|| TTxry Bi(Q)

HEl = lan| TV, Ak(Q)
by M N
ZHQ) = 224+ () = 0k(Q)
R — k=1
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Phasors
Example 1

1 1 1 _
H(S):S2+S—|—1:(S—pl)(s—pg)’ pzi(_lif\/g)

s ——
g / \
A1) p I Zos /’ N
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=
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"0 5 ) 5 10
s-plane o)

This is a second-order lowpass filter (with a ripple in the passband).
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Phasors

Example 2
2
S
H(s) =
(5) s2+s+1
15
A — P
Im(s) o \ ( R E—
Fos | /
A (Q) g T8 ) |/
D1 al_ B(Q) . Q (rz:xd/s)
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This is a second-order highpass filter. The zeros pull down the response.
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Phasors
Example 3

e SR ) Gl 1
HO) = e i~ G ip) P=2dEiv3)
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This is a second-order bandstop filter. Zeros on the imaginary axis.
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Summary

= Phasors are used to construct a magnitude/phase spectrum from a
given pole-zero plot.

m Close to poles, the magnitude peaks; close to zeros the magnitude
drops

m This allows to judge the type of filter (lowpass, highpass, bandpass,

Filter design from given specifications comes later in the course
(Chapter 7.3).
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